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Abstract 

This paper considers a modification of the Fibonacci sequence which results in 
the third order Alavi sequence. Not only are the initial terms quite general but the rule of 
formation is also modified.  Some results are proved to illustrate the underlying structure 
of the sequence and its relation to known results in the literature. The paper concludes 
with a suggestion for further research with an arbitrary order extension. 
 

1. Introduction 
 
There have been many generalizations of the Fibonacci sequence.  Among them are 

• generalizing the initial terms [4]; 
• generalizing the recurrence relation [5]; 
• extending the recurrence relation to third order [3]; 
• extending the recurrence relation to arbitrary order [7]; 
• coupling the recurrence relations [2]. 
 

In this paper we modify the pattern with a third order sequence, from which emerges 
the sequence attributed by Sloane and Plouffe [9] to Alavi [1]. The first 24 members of 
this sequence { } 0≥nnA have the form: 

a 2a+b+c 6a+5b+5c 22a+21b+21c  
b a+2b+c 5a+6b+5c 21a+22b+21c  
c a+b+2c 5a+5b+6c 21a+21b+22c (1.1)

a+b 3a+3b+2c 11a+11b+10c 43a+43b+42c  
a+c 3a+2b+3c 11a+10b+11c 43a+42b+43c  
b+c 2a+3b+3c 10a+11b+11c 42a+43b+43c 

where a,b,c are given constants.  The coefficients of the members are 
1 0 0 2 1 1 6 5 5  22 21 21  
0 1 0 1 2 1 5 6 5 21 22 21  
0 0 1 1 1 2 5 5 6 21 21 22 
1 1 0 3 3 2 11 11 10 43 43 42  
1 0 1 3 2 3 11 10 11  43 42 43  
0 1 1 2 3 3 10 11 11 42 43 43 
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It is not immediately obvious that this is indeed a generalization of the Fibonacci se-
quence though the pattern among the coefficients gives a clue.  The corresponding second 
order case is easier to see: 
 

1 0 1 2 a a+2b  
0 1 3 2 b 3a+2b  
1 1 2 3 a+b 2a+3b 
2 1 5 3 2a+b 5a+3b  

 
which when a=b=1, becomes {1,1,2,3,3,5,5,8,8,13,13,21,21,…}. We shall outline proper-
ties of { }nA in relation to some known results and indicate how it could be generalized. 
 

2. Definitions 
 
 Let the Alavi sequence have the form 
 

{ } { } { } .),,( 1≥++=≡ nnnnnn cbaAcbaA γβα  (2.1)
 
We shal find a formula for these coefficients.  Note that 

 
⎣ ⎦.2 3

1 nnnn =++ γβα  (2.2)
First, we see that 

,12,2,12,1 3423221 −==−== ααααααα  
and, more generally, for each natural number 1≥n : 

 ,11 =α ,12 122 −= −nn αα .2 212 nn αα =+   
 

These results can be proved directly by induction.  Similarly, it can be proved that 
 

 ,11 =α  ,111 −= αβ  ,111 −= αγ   
 ,112 −= αα  ,12 αβ =  ,112 −= αγ   
 ,113 −= αα  ,113 −= αβ  ,13 αγ =   
 … … …  
 ,12 4646 −= ++ kk αα ,4646 ++ = kk αβ  ,14646 −= ++ kk αγ   
 ,4656 ++ = kk αα  ,14656 −= ++ kk αβ ,4656 ++ = kk αγ   
 ,14666 −= ++ kk αα  ,4666 ++ = kk αβ  ,4666 ++ = kk αγ   
 ,2 7676 ++ = kk αα  ,17676 −= ++ kk αβ ,17676 −= ++ kk αγ   
 ,17686 −= ++ kk αα  ,7686 ++ = kk αβ  ,17686 −= ++ kk αγ   
 ,17696 −= ++ kk αα  ,17696 −= ++ kk αβ .7696 ++ = kk αγ   

Therefore, we must find an explicit form for the sequence 
{ } { } 0130 ≥+≥ = kkmmA α  

that has its initial members: 
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1,1,2,3,6,11,22,43,…. 
From above we can write 

.12,2,1 12222120 −=== +++ mmmm AAAAA  
 

3. Main Result 
 
 Now we shall prove that for each natural number 0≥m : 
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which is obvious when m=0: 
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0 =A  
Let us assume that for some m, mA satisfies (3.2). If m=2k+1, then 
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(3.3)

If m=2k+2, then  
1+mA
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(3.4)

Therefore, (3.2) holds in both cases. 
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Continued application of (3.3) and (3.4) indicates that nA satisfies the third order 
linear homogeneous recurrence relation  

,3,22 321 ≥−+= −−− nAAAA nnnn  (3.5)
with characteristic equation 

.022 23 =+−− xxx  (3.6)
 

4. Some Properties 
 
 Since the roots of (3.6) are -1,1,2, it follows that the Binet form of the general 
term of the Alavi sequence is given by 
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An analog of Simson’s identity 
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This follows from repeated matrix multiplication: 
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5. Concluding Comments 

 
 Other properties can be readily developed,  For instance, from Equation (4.1) of 
[6]: 
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(5.1)

 
in which the binomial coefficients in the summations, call them rmnB ,, satisfy the third or-
der partial recurrence relation [8]: 

1,,3,1,2,,1,, −−−−− ++= rmnrmnrmnrmn BBBB  (5.2)
with boundary conditions 
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A topic for further research would be to analyse the following modification: 
 

;...,2,...,,,,...,,, 3211312121 aaaaaaaaaaaa nnn +++++ −  
 
that is, the sequence formed as follows: 

1 0 0 … 0 0 1 0 1… 0 0 1a  31 aa +   
0 1 0 … 0 0 … 2a  …  

… 0 0 0 … 1 1 … naa +1  
0 0 0 …0 1 2 1 1 … 0 0 na  3212 aaa ++  
1 1 0 … 0 0 … 21 aa + …  

 
Gratitude is expressed to Professor A.F. Horadam of the University of New England, 
Australia, for constructive criticism of the first draft of this paper. 
 

References 
 

1. Y. Alavi, F.R.K.Chung, R.L. Graham and D.F. Hsu (eds). Graph Theory, Combina-
torics, Algorithms and Applications. Philadelphia: S.I.A.M. Publications, 1991. 

2. K.T. Atanassov. On a Second New Generalization of the Fibonacci Sequence, The 
Fibonacci Quarterly, 24 (1986): 362-365. 

3. M. Feinberg. Fibonacci-Tribonacci. The Fibonacci Quarterly. 1.3 (1963): 71-74. 
4. A.F. Horadam. A Generalized Fibonacci Sequence. American Mathematical Monthly. 

68 (1961): 455-459. 
5. A.F. Horadam. Basic Properties of a Certain Generalized Sequence of Numbers. The 

Fibonacci Quarterly. 3 (1965): 161-176. 
6. A.G. Shannon. Iterative Formulas Associated with Generalized Third Order Recur-

rence Relations. S.I.A.M. Journal on Applied Mathematics. 23 (1972): 264-368. 
7. A.G. Shannon and Leon Bernstein. The Jacobi-Perron Algorithm and the Algebra of 

Recursive Sequences. Bulletin of the Australian Mathematical Society. 8 (1973): 261-
277. 

8. A.G. Shannon and R.S. Melham. Some Aspects of a Partial Difference Equation. Bul-
letin of Number Theory. 16 (1996): 31-44. 

9. N.J.A. Sloane and Simon Plouffe. The Encyclopedia of Integer Sequences. San Die-
go: Academic Press, 1995. 

 
AMS Classification Numbers: 11B39, 11B65 


