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Abstract
This paper considers a modification of the Fibonacci sequence which results in
the third order Alavi sequence. Not only are the initial terms quite general but the rule of
formation is also modified. Some results are proved to illustrate the underlying structure
of the sequence and its relation to known results in the literature. The paper concludes
with a suggestion for further research with an arbitrary order extension.

1. Introduction

There have been many generalizations of the Fibonacci sequence. Among them are
generalizing the initial terms[4];

generalizing the recurrence relation [5];

extending the recurrence relation to third order [3];

extending the recurrence relation to arbitrary order [7];

coupling the recurrence relations [2].

In this paper we modify the pattern with a third order sequence, from which emerges
the sequence attributed by Sloane and Plouffe [9] to Alavi [1]. The first 24 members of
this sequence {A, }, ., have the form:

a 2atbt+c 6a+5b+5¢c 22a+21b+21c
b at+2b+c 5a+6b+5c 21a+22b+21c
c at+b+2c 5a+5b+6¢c 21a+21b+22c (1.2
atb 3at+3b+2c 1lat+11b+10c 43a+43b+42c
atc 3at2b+3c 1lla+10b+1lc 43a+42b+43c
b+c 2a+3b+3c 10at+1lb+1lc 42a+43b+43c
where a,b,c are given constants. The coefficients of the members are

100 211 655 222121
010 121 565 212221
001 112 556 212122
110 332 111110 4343 42
101 323 111011 4342 43
011 233 101111 42 43 43

20



It is not immediately obvious that this is indeed a generalization of the Fibonacci se-
guence though the pattern among the coefficients gives a clue. The corresponding second

order caseis easier to see:

10 12 a a+2b
01 32 b 3a+2b
11 23 atb 2a+3b
21 53 2a+b 5a+3b

which when a=b=1, becomes{1,1,2,3,3,5,5,8,8,13,13,21,21,...} . We shall outline proper-
tiesof {A, }in relation to some known results and indicate how it could be generalized.

2. Definitions
Let the Alavi sequence have the form

{A_l(a,b,C)} {A1}: {ana+ﬂnb+7/nc}nzl'

We shal find aformulafor these coefficients. Note that

an+py+7,=24n}
First, we see that
o, =va,=20,-La,=2a,,a, =2a,-1,
and, more generally, for each natural number n>1:
a; =1 oy =205, -1y, =20,

These results can be proved directly by induction. Similarly, it can be proved that

a, =1, By =oa, -1, ri=a,-1

a, =a, -1, B, =ay, 72 =0, -1,
ay=oa; -1, By=a, -1 V3 = Oy,

Ogeia = 20ea =L Pokia = Xowsar Vekia = Xokia — 1,
Toxis = Aokrar Boris = Aeiea =L Vs = Aoraas
Qe = Aoea — 1, Berie = Cgiia Vekie = Xokras
Olsr = 200147 Boir = Cgir =L Verar = Agear — 1,
Ogiig = Aosr — 1, Borie = Aoisr Vekss = Qo7 — L

Ao = Aos7 — 1, Bero = Aok =L Verkso = Aokir-
Therefore, we must find an explicit form for the sequence

{A'n }sz = {a3k+1}k20

that hasitsinitial members;
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1,1,2,3,6,11,22 /43, ....
From above we can write

Ab = 11 A2m+l = 2A2m’ A2m+2 = 2A2m+l -1
3. Main Result

Now we shall prove that for each natural number m> 0:

2]

An — 2m _ thm—l—Zi J’ (31)
i=0
which is equivalent to
B |omads)
An — 2m _ Zzwl—m ) 2 (32)
i=0
which is obvious when m=0:
A, =2
Let us assume that for somem, A satisfies(3.2). If m=2k+1, then
A = Asiiz (3.3)

= 2A2k+1
ZK 1}1 2k 1)-1 2L2k*1j
— 22k+l Z 2 (2k+1)-1-2i _ +l)-l-4 == _1

_ 922 _ Zg 92k-2 _ 2(22k—2k )_1

i=0

22k+2 Zsz 2i+1 2 1

m+1 1
I‘f olmt)1-2i _ m+1)*1*2LmT”J

If m=2k+2, then

34
Am+l = A2k+3 ( )

= 2A2k+2
(k+1)-1 )
_ 2(22k+2 _ Z 92k2-121 _ 22k+l—2(k+1)j

i=0
_ 923 _ Zk: 92221 _ 2(271)

i=0

1 3 1J‘1 1)-1-2i m+1)—1—2LMJ
— 2m+ Z 2 m+1) i 24

Therefore, (3.2) holds in both cases.
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Continued application of (3.3) and (3.4) indicates that A, satisfies the third order
linear homogeneous recurrence relation
A =2A+A - 2A\1—3, nx3, (3.5
with characteristic equation
x®—2x*—x+2=0. (3.6)

4. Some Properties

Since the roots of (3.6) are -1,1,2, it follows that the Binet form of the genera
term of the Alavi sequenceis given by

A =32+ 31 +4. @
An analog of Simson’ sidentity
anl Fn n
F T (-2, (4.2)
is
A Al A
As A A= (_ 2) . (4.3)
A1 An+1 An+2

This follows from repeated matrix multiplication:

A Al A 01 0)A: A AL
A: A A.|=|00 1A, A, A
A\n Awl A\wz 2 1 -2 A’1—1 Ah An+1

since
01 O
00 1|=-2
2 1 -2

5. Concluding Comments
Other properties can be readily developed, For instance, from Equation (4.1) of

2] 2] Cm—
A, =1+ ZZ(_ 1)r (n m ZrJ(m: rjzn—Z(m+r), (5.1)

[6]:
m+r

in which the binomial coefficients in the summations, call them B, satisfy the third or-

der partia recurrence relation [8]:
B. =B

n,m,r n-1,m,r

with boundary conditions

+ Bn—2,m—1,r + Bn—3,m,r—1 (52)
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B

_ 0B B n-2r 5 _(n-m
oomr — “Yr~nor — r ' ~nm0 T m .

Equation (5.1) is thus an analog of

2ln-m
I:n+1 = ( J (53)

m=0 m

A topic for further research would be to analyse the following modification:

a,a,,...,a,,a, +a,,a, +a,,...,a,, +a,,2a, +a, +a,,...;

that is, the sequence formed as follows:

100...00 101...00 a a, +a,
010...00 a,

000...11 a +a,
000...01 211...00 a, 2a, +a, +a,
110...00 a, +a,

Gratitude is expressed to Professor A.F. Horadam of the University of New England,
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