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Abstract: Let m be a positive integer, p be an odd prime, and me =7/ (p™) be the ring

of integers modulo p”. Let O (x)= Q(x,,x,,...,x,) be a nonsingular quadratic form with
integer coefficients. In this paper we shall prove that any nonsingular quadratic form Q (x)
over Z, O (x) is equivalent to a diagonal quadratic form (modulo p™).
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1. Introduction

In this section we simply mention the basic concepts of quadratic forms which we shall
need throughout. For details the reader is referred to [1], [2], and [3].
A quadratic form Q (x) over Z is a polynomial of the type

0(x) = 0(x,x,,...,x,) = Zal.jxixj ,

1<i<j<n

with a; € Z, 1 <i <j < n. We associate with O(x) a symmetric nxn matrix 4 = 4y given by

1
a, 4 Z43 " 4,
1 1
2 Gy 0y 24,
= 1 1
AQ 703 743 4 243,
_Eanl EanZ EanS ann a
That is
l . .
24, for i<j
_ * * _ l . .
A=[a;],..» a; =434, for i>]j
a; for i=j
Observe that
t
O(x) = x4x
where
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Here x’ denotes the transpose of the matrix x. On the other hand, note that if the matrix A4 is
diagonal (An nxn matrix 4 is diagonal if a; = 0 whenever i # j), then the corresponding

quadratic form Q has the diagonal representation

X)=x'Ax=a,x’ +...+a x’
11°%1

i.e., the quadratic form will contain no "cross product" terms. In the same way we call O a
diagonal quadratic form (mod p™) for any prime power p” if Q contains no "cross
product" terms when read (mod p™). The determinant of Q , abbreviated detQ , is defined
to be the determinant of the matrix 4, . We say that O(x) is nonsingular over Z if detQ # 0.
Similarly for any odd prime power p” we say Q(x) is nonsingular mod p” if p | detQ.
Again let p” be an odd prime power. Let O(x) and é(x) be two quadratic forms
over Z with associated matrices AQ,AQ, respectively. We now view the entries of these

matrices as elements of Z /(p™), and regard 1/2 as the multiplicative inverse of 2 (mod p™).
(Alternatively we can replace 1/2 with (p™ + 1) / 2 and regard 4, as having integer

entries). We say that O(x) is equivalent to Q(X) (mod p™), written Q(x) ~ é(x) (mod p"),
if there is an invertible nxn matrix T over Z /(p™), such that é(x) = Q(Tx)(mod p™), that is
A= T*4,T (mod p™).

“ "

It is clear that “~" is an equivalence relation. Note that
detQ =detQ-(detT)* (mod p™).
Example: Let p” be any odd prime power and Q(x)= x+ x x,+ x. Then

O(x) =X 4x,
where

That is

Q(X):x12+x1x2+x22:[x1 xz]{l %}[XI}
— 1 X,

x _—

By making the simple observation that

O(x) = xl2 + X%, + xf = xl2 +(p" +Dxx, + xj (mod p™),
%/_/

even
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we can write
O(x)=x'A'x (mod p™),
with

1 p"+1
A= 2 lem
pm _+_1 1 2x2 (Z)
2
Note that since p is odd, the entries of A4’ are all integers. Thus we may assume that

ApeM,,»(Z) when working with congruences modulo odd primes.

2. Diagonalization of quadratic forms modulo p"

Theorem 1. For any odd prime power p", and nonsingular quadratic form Q(x) over Z,
QO(x) is equivalent to a diagonal quadratic form (modulo p™).

Proof. We proceed by induction on m. When m = 1, it is well known (see [4]) that O can be
diagonalized over the finite field I,. Say

T'A,T =D (mod p"),

for some 7, DeM,., (Z) with T nonsingular (mod p) and D a diagonal matrix. Let us lift this
to a solution (mod p?). Let
U=T+ pX,

where X = [x;] is a matrix of variables. We wish to solve
U'4,U = D (mod p*)
This is equivalent to
(T+ pX)' 4,(T+ pX)=D (mod p*)
& T'AT+T'A,pX + pX'A,T=D (mod p*)

T'4,T-D ,
& T4 TAX+ X 4,T=0 (mod p)
p Y
, D-T'4,T
o Y+Y'=— "% (modp)
N

B

where Y =T'4,X and B=(D~-T'4,T)/ p. Note that B is a symmetric matrix with integer
entries. Let

bl 1
b % b22 O

b, by, 3by (mod pz ) -

o=

~
Il

L bn3 e %bnn i
Then Y+ Y' = B. Thus, we are left with solving the congruence
T'4,X =Y (mod p).

b bn 2

nl
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Since T and Ag are nonsingular (mod p), this equation has a unique solution

X =4,/(T")"'Y (mod p).
In the same manner one can lift a solution (mod p™), to (mod p™"") for any m. Indeed,
proceeding as above, suppose that
T'AT = D (mod p™"),
for some T, D € M,x,(Z) with T nonsingular (mod p) and D a diagonal matrix. Let
U=T+p"X,
where X is a matrix of variables and solve

U'd,U =D (mod p™*').
This is equivalent to
T +p"X)YA,T +p"X)=D (mod p™*")
& T'A,;T +T'Ayp" X +p"X'4,T =D (mod p™*")
T'4,T -D

& “ T TE AT X +X AT =0 (mod p)
p Y
, D-T'4,T
=Y +Y =0 (mOdp)
%\/—J

B
where Y =T'AX and B=(D-T'AT)/ p" is a symmetric matrix with integer entries. Let

E2:2
P %:Bzz O
Y=| g B %ﬂn (mod p™) -

_ﬂnl ﬁnZ ﬁnB % nn _|

Then Y+ Y'= B (We note that the choice of Y is not unique). Hence, we are left with
solving the congruence
T'AX =Y (mod p).
As T and 4 are nonsingular (mod p), this equation has a unique solution
X=A4"(T")"Y (modp™).
This completes the induction step.

Examples: 1. Let

f_/%
p
1 4~
_ 2 X1 2
O(x,y)=|x y =x"+ pxy+ y .
N B

Note that O(x,y) is already a diagonal form when read (mod p). We proceed to diagonalize
3
Q(x.y) (mod p7) .
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Solve AX =Y (mod p),

Check :

S
—_ O
| I |

[(1) ﬂ (mod p?).

P
Pl = 1 0 P p
| 1 L)1 £
U'AU = 5 2 {—go JE A
0 1 |£ 1 0 1 |0 1

Thus Q(x) ~ x> + y*(mod p*).

0o S

2. Let

A
—

1
O(x,y)=[x y

o N

Xl _ .2

{ }—x + pxy=x~ (modp).
P y
2

What happens if 4 singular?
Here A is not invertible, so we cannot directly follow the method given in our proof. Let us
try to solve

T'AX =Y (modp).
First, we see that 7= [, since 4 is already diagonal (mod p) . Let ) > ”’2+% . Then
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1 P 1 pp +1
A= 2=l 2 (mod p?),
£ 0 p +1 0
2 P 2
and the latter matrix has integer entries.
‘41 2
D=4 _1|[1 0 P ] o _"2“
P pll0 o0 p’+l . 203 S
2 2

If we proceed as in the proof we would let

0 0
Y= _p2+1 0 (mod p*).

2
Now solve
2
P4l ) X = p2+1 0 (mod p) .
P 2

This is equivalent to

0 0

1O x, x,|_
{O O}[le X, | 1 0 (mod p)
2

0 0
xll x12 = 1
(i3] L ] i
which give us a contradiction (0 =-%) and hence there is no solution of this system.
Next, let us try the choice

0 o
Y= _p2+1_a 0 (mod p?).
2

Then
0 o pt+1
Y+Y’—{p2+1a 0]+ 0 ="=5—==2|-B (modp?).
2 a 0
Solve
1 pp2+1 0 «o
) 2 X{p”rl 0} (mod p),
pp +1 0 5
2
or, equivalently
10 x. x 0 0+a
{0 O}LC; xﬂ E[%a 0] (mod p).
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Let a = —%. Then obviously

0 0
so that
1
x=19 —71.
0 0

Hence, it follows one can make the change of variable
-1
x|—>x+p—p2 Y, Yy

to diagonalize the quadratic form Q(x, y)(mod p*) . Indeed,

l

x2 + pxy

2

= x° (modp?)
Our proof of Theorem 1 actually yields the stronger result.

2
(X-ﬁ-pT_lpyj +p(x+p7_1py

(p—Dpxy+x*+ pxy (modp®)

)

Corollary 1. If p is an odd prime, Q(X) is a quadratic form over Z, nonsingular (mod p)

and equivalent to diagonal form z;a[x[z (mod p), then Q(X) is equivalent to the same

diagonal form Z; ax (mod p™) for any m.

Note: This fails for nonsingular forms.
Indeed, x> + py* ~ x*> (mod p) , but x> + py* + x* (mod p°).
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