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1 Introduction

First, let us give some background concerning quantum integers and the functional equations
arising from multiplication of these integers.

Definition 1.1. A quantum integer is a polynomial in g of the form

qn —1
qg—1

n), =q¢" ' +...+qg+1= (1.1)

where n is any natural number.

From [3], quantum multiplication, a multiplication operation for quantum integers, is defined
by the following rule:

[mlq * [n]q := [mnly = [mlq - [nlgm = [n]q - [m]gn (1.2)



where * denotes quantum multiplication and - denotes the usual multiplication of polynomials.
Equation (1.2) is just the g-series expansion of the sumset

{0,1,....mn—1} = {0,1,....m—1}+{0,m,...,(n—1)m}
= {0,1,...,n—=1}+{0,m,...,(m —1)n}.

Equation (1.2) provides the motivation for studying sequences of rational functions I' =
{fu(@)In = 1,..., 00} with coefficients contained in some field of characteristic zero, satisfy-
ing the following functional equations:

Pl @ @™ L F0(@) (@) Z frn(a) (1.3)

for all m,n € N. We refer to the first equality in the above functional equation as Functional
Equation (1) and the second equality as Functional Equation (2). A sequence of polynomials
which satisfies Functional Equation (2) automatically satisfies Functional Equation (1) but not
vice versa (see [5] for more details).

Definition 1.2. LetI' = { f,,(¢)|n € N} be a sequence of rational functions satisfying Functional
Equation (2). Then I' is said to be generated by quantum integers if there exist ordered pairs of
integers {u;,t;}; withi =1,... ssuchthattr =) . _,

.....

for all n in N.

Let I" = {f.(¢q)} be a sequence of rational functions satisfying Functional Equation (2). The
set of integers n in N where f,,(¢) # 0 is called the support of I' and is denoted by supp{I'}.
Let Ap be the set consisting of 1 and all natural numbers whose prime factors come from a set of
primes P, then Ap is a multiplicative semigroup which is called a prime multiplicative semigroup
associated to P. From [1] and [2], the support of I' is a multiplicative prime sub-semigroup of N.

Theorem 1.3. ([1]) Let T' = {f,.(q)} be a sequence of rational functions satisfying Functional
Equation (2). Then supp{l'} is of the form Ap for some set of primes P, and I is completely
determined by the collection of rational functions:

{/p(@)p € P}.

Definition 1.4. Let P be the collection of primes associated to the support Ap, in the sense of
Theorem 1.2, of a sequence of rational functions I satisfying Functional Equation (2). Then P is
called the support base of I".

In the reverse direction, if P is a set of primes in N, then there is at least one sequence I’
satisfying Functional Equation (2) with support base P. One such sequence can be defined as the

f1q) = { n], ifne Ap;

0 otherwise.

set of polynomials:
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We say that a sequence I is nonzero if supp{I'} # (). If T satisfies Functional Equation (2),
then I is nonzero if and only if fi(¢) = 1 (see [3]). We say that I" is nontrivial if I" is nonzero
and f,(q) # 1 for at least one n in the support of T".

From [1] and [3], there exists a rational number ¢ such that:

deg(fn(q)) = tr(n —1)

for all n in supp{I"}, where deg( f,,(q)) denotes the degree of f,,(¢). Consequently, I is nontrivial
if I" is nonzero and P # (). The rational number ¢r is not necessarily an integer (see [3] and [5] for
an example of such a sequence). In fact, we show in [4] and [5] that {1 can only be non integral
when the set of primes P associated to the support of I" has the form P = {p} for some prime p.

Definition 1.5. Let I' := {f,(q)|n € N} be a sequence of polynomials satisfying Functional
Equation (2) and let P # () be its support base. Then I is called a maximal solution of Functional
Equation (2) if there is no sequence I'' := {f/(q)|n € N} of polynomials satisfying Functional
Equation (2) whose support base P’ strictly contains P and

for all p € P. In other words, I' is a maximal solution if it does not arise from another solution
by restriction.

The following result makes it possible to work exclusively with Functional Equation (1) in
constructing solutions of Functional Equation (2):

Theorem 1.6. ([3]) Let P be a set of primes. Let " = { f,(q)|p € P} be a collection of rational
functions such that:

Sor(@) - (@) = f,(@) - [, (@7)
for all p; € P(i.e, satisfying Functional Equation (1)). Then there exists a unique sequence

I' = {fu(q)|n € N} of polynomials satisfying Functional Equation (2) such that f,(q) = f,(q)
for all primes p € P.

For a sequence I' of polynomials satisfying Functional Equation (2), the smallest field K
which contains all the coefficients of all the polynomials in I' is called The Field of Coefficients
of I'. In this paper, we are only concerned with sequences of polynomials, each of whose field of
coefficients K is Q, unless otherwise stated.

Let I := {f.(q)|n € N} be a sequence of rational functions satisfying Functional Equation
(2). Suppose that I is generated by quantum integers, i.e., there exists a collection of order pairs
of integers {(u;, t;);} such that

for all n in the support of I". Let us write f,,(¢) as

Hi:ti>0([n] qui )ti
I, <o)

fn(Q) =
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In [1], Borisov, Nathanson and Wang ask if there are simple criteria for determining when
such a sequence of rational functions consists only of polynomials. As they noted, it is sufficient
that

i,ti<0
However, it is not necessarily so (see [1] for an example).
It is immediate that the field of coefficients of a sequence of rational functions I' which is
generated by quantum integers is necessarily equal to Q. In the reverse direction, if P contains at
least two primes, then the following result is known:

Theorem 1.7. ([1]) Let T" = { f,.(q)|n € N} be a sequence of rational functions with coefficients
in Q that satisfies Functional Equation (2). If the support of I is Ap for some collections of
primes P containing at least two primes, then there are

(i) a completely multiplicative arithmetic function \(n) with support Ap,

(ii) a rational number to such that to(n — 1) is an integer for all n in Ap,

(iii) a finite set R of positive integers and a set {t,.},cr of integers such that

fal@) = Mg~ [T (vl )"

reR
for all n in the support of T'.
Similarly, if I' only contains polynomials, we have the following reduction result:

Proposition 1.8. (/5]) Let T" = { f,,(q)|n € N} be a nonzero sequence of polynomials satisfying
Functional Equation (2) with support Ap for some set of primes P. Then there exists a unique
completely multiplicative arithmetic function 1)(n), a rational number t, and a unique sequence
Y = {gn(q)} satisfying (2) with the same support Ap such that

fal@) = ¥(n)d" " Vg (q)

where g,(q) is a monic polynomial with g,,(0) # 0 for all n € Ap.

We call the sequence of polynomials > in Theorem 1.8 the normalized version of the sequence
of polynomials I'.

The following results provide a link among a general solution of Functional Equation (2),
its support base and quantum integers. It also allows us to classify the solutions with field of
coefficients of characteristic zero ([4]).

Theorem 1.9. ([5]) Let T = {f,.(q)|n € N} be a sequence of polynomials satisfying Functional
Equation (2) and whose field of coefficients is of characteristic zero. Suppose f,(q) is a monic
polynomial such that f,,(0) # 0 for each n in N.

(1) Field of coefficients is Q: Suppose that deg(f,(q)) = tr(p—1) with tr > 1 for at least two
distinct primes p and r, which means that the set P associated to the support Ap of I contains
p and r and the elements f,(q) and f.(q) of I are nonconstant polynomials. Then there exist
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ordered pairs of integers {u;,t;}; withi =1,..., s suchthattr =) .,  u;t; and

fula) = H([n]qW (1.4)

forall n in N.

(2) Field of coefficients strictly contains Q: There is no sequence of polynomials T', with
field of coefficients strictly containing Q, satisfying Functional Equation (2) and the condition
deg(fp(q)) = tr(p — 1), meaning the set P associated to the support Ap of I' contains all prime
numbers and the correspondent elements f,(q) of I' are nonconstant polynomials, with integral
tr > 1 for all primes p. However, if the condition deg(f,(q)) = tr(p — 1) with integral tp > 1
for all primes p is not imposed on 1, then there exist sequences 1'’s of polynomials with fields of
coefficients strictly greater than Q satisfying Functional Equation (2).

The decomposition of f,(q) into a product of quantum integers as above is unique in the sense
that if {a;,b;} is another set of integers such that tr = 3., , a;b; and

fn(Q) - H([n]qaﬂ' )bj

Jj=1

for all n € supp{I'}, then for each w; there exists at least one a; such that u; = a;. Moreover, if
I C{1,...,s}and J C {1,..., h} are two collections of indexes such that u; = a; exactly for
all vin I and j in J and nowhere else, then

dti=> by

il jeJ

and the above relation between any such set of integers {a;, b; }; and the set {u;,t;}; is an equiv-
alence relation.

Theorem 1.10. ([4]) Let I' = {f.(q¢)|n € N} be a sequence of polynomials with field of co-
efficients of characteristic zero and satisfying Functional Equation (2). Suppose that the set of
primes P associated to the support of I' contains at least two distinct primes. Then there exists
a sequence I'' = {f!(q)|n € N} of polynomials satisfying Functional Equation (2) with field of
coefficients equal to Q and supp{T'} = supp{I"'} such that:

o f.(q) divides f(q) in Clq| for all n in supp{T'}.

° tpl—tFGNU{O}.

Even though Theorem 1.9 shows that a solution I' of Functional Equation (2) with field of
coefficient of characteristic zero and support base P containing all primes must be generated by
quantum integers, the condition P containing all primes is too rigid to be of used. On the other
hand, if the condition P containing all primes is replaced by the condition | P| = oo, then it is
not sufficient for such conclusion (see [6]), the next result provides exactly what we need for
subsequently parts of this paper.
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Theorem 1.11. ([6]) Let P be the support base of a sequence 1" of polynomials satisfying Func-
tional Equation (2) with field of coefficients of characteristic zero. If P contains all but finitely
many primes, then 1 is generated by quantum integers.

2 Main results

Let I' = {f.(q)|n € N} be a sequence of rational functions with coefficients in Q that satisfies
Functional Equation (2) and let P be its support base. Then by Theorem 1.7,

fala@) = Mg T (In]gr )"

reR

for some completely multiplicative arithmetic function A(n) with support Ap, a rational number
to such that ¢o(n — 1) is an integer for all n in Ap, a finite set R of positive integers and a set
{t,},cr of integers. By replacing f,(¢q) in " by the rational function

fn(q)

fola) = An)qotr D

for each n € Ap, then it can be verified that the sequence I = {f/(q)|n € Ap} satisfies
Functional Equation (2). As a result, we may assume, from now on, without loss of generality
that whenever I' = { f,,(¢)|n € N} is a sequence of rational functions with coefficients in Q that
satisfies Functional Equation (2), then there exists a collection of positive integers R and some
collection of integers {¢, },cr,. such that

fa@) = 1]l =TT (o) TT (o)™

reRrp T€R+71" TER,’[‘

where R r and R_ r are subsets of Rr such that¢, > 0andt, <0Owhenr € Ryrandr € R_p
respectively and Ry r U R_r = Rr, i.e., I' is generated by quantum integers. If I' is generated
by quantum integers, then we say that I' is written in reduced form if

R+7F N R—,F - @

By cancelling factors of the form [n],, where r € Ry r N R_rp if Ry r N R_p # (), from the
numerator and the denominator of f;,(q) for each f,,(¢) in I', we may assume henceforth that I" is
already in reduced form whenever I is generated by quantum integers.

For the question of Borisov, Nathanson and Wang stated before, the answer is trivial if I' is
a zero or a trivial sequence or if R_ = (). Otherwise, the answer is contained in the following
result:

Theorem 2.1. Let I' = {f,(q)|n € N} be a nonzero sequence of rational functions with coeffi-
cients in Q that satisfies Functional Equation (2) and let P # () be its support base.
(1) If P = {p} for some prime p, then

['={fp(@)|fi(¢g) =1,n e NU{0}}
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with fon(q) = fo(q) for-1(qP) for all n > 1 where f,(q) is a rational function, and I' contains
only polynomials if and only if f,(q) is a polynomial.

() If |P| > 2, then " contains only polynomials if and only if the following conditions are
satisfied.:

(1) (a) Let Ry be the collection of positive integers and {t.|r € Rr} be the collection of
integers such that

Let Ry r and R_ r be defined as above. If

HT‘ER.MF Ttr

H'I‘ER,,[‘ ’]"t?"

is not a (positive) integer, then I' contains at least one non-polynomial element. The converse
does not necessarily hold.
(1) (b) If there exists a positive integer r € R_ p satisfying any of the following conditions:

e 1 is greater than every element of Ry r;

e 1 is divisible by a prime s which does not divide any element of R, r, i.e.,

(Ht6R+,r t)m

r

is not an integer for any natural number m,
then 1" does not contain only polynomials. The converse may not necessarily hold.

(2) Let p be a prime in P. For each v € Ry, let s,, be the highest power of p dividing r.

Define
r

psp,r

}

|Ryplp == {p™"v|re€ Ry

and
r

peer J

where multiplicity is allowed according to the following rules: For each r in Ry, p'»"~ appears

|R_r|p:==A{p™ v |reR ;7|

|t,| times in |Ry r|, (resp. in |R_r|,)) ift, > 0 (resp. ift, < 0) for each r (from this point on, we
always write |t,.| as t,, in the context of multiplicity, with the absolute value implicitly understood
to avoid the cumbersome of notation and to avoid the confusion with the similar notation in

|R—rlp and [R r[p)
If R_r # 0, then T contains only polynomials if and only if

|R—,F|p - |R+,F|p (2.1)

for all p in P. Furthermore, the followings also hold:
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e If (1)(b) holds, then 1" contains only polynomials if and only if (2.1) holds for all p in P
which divide some 1 in R 1.

e [fevery prime p in P does not divide r for any r in Rr, i.e., if

(II» IIn=1

peEP reRp

then I" contains only polynomials if and only if (2.1) is satisfied for any p in P.

Our next result concerns maximal solutions of Functional Equation (2). In [2], Nathanson
poses, as Problem 6, the following problem:

Problem: Describe the maximal solutions of Functional Equation (2). For what sets of primes
P does there exist a maximal solution with support base P?

Our result concerning this problem can be summarized as follows:

Theorem 2.2. (i) If P = {p} for some prime p, then there always exists infinitely many maximal
solutions T of Functional Equation (2) with support base P. If Iy is a sequence of polynomials,
satisfying Functional Equation (2) with field of coefficients of characteristic zero and support
base P, whose normalized version is sequence of the form

I'={fm(@)]fi(qg) =1,n € N}

with fpn(q) = fp(q) fn-1(¢?) for all n > 1 where f,(q) is a monic polynomial with nonzero
constant term satisfying either of the following conditions:

1. f,(q) possesses at least one root which is not a root of unity.

2. Ifall roots of f,(q) are roots of unity, then f,(q) possesses at least one roots of unity whose
order is not divisible by p.

Then 1" and thus Iy must be a maximal solution. If I' is a normalized version of a maximal
solution of Functional Equation (2) with support base P = {p} for some prime p and with field
of coefficients Q, then I" must also be of the form above.

P| > 2, where |-| denotes the cardinality of the set P. If P has finite complement,
i.e., there are at most finitely many primes which are not in P, then there exists at least one

(ii) Suppose

maximal solution with support base P. If I is a maximal solution of Functional Equation (2)
with support base P and if the field of coefficients of I is Q, then P has finite complement. If P
is a set of primes with nonempty finite complement, then a maximal solution has the form

U= {fu@= 10" = TT W)™ I (le)"In € Ap}

reR reR_r reRy r

where:
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[ ] R—:F 7é @

e For each prime p in the complement of P, |R_r|, is not a subset of | Ry r|,.

Furthermore, if there exists one maximal solution with support base P containing at least two
primes and with field of coefficients Q, then there are infinitely many such maximal solutions with
support base P.

Remark 2.3. The conditions (1) (a) and (b) of (II) of Theorem 2.1 are weaker than condition (2) of
Theorem 2.1 since they are necessary but not sufficient for an affirmative conclusion. However,
it is simple and effective to check for negative conclusion. In (2) of (II) of Theorem 2.1, for each
r in Ry, p*»v occurs t, times in |R, p|, (resp. |R_r|,) if £, > 0 (resp. if ¢, < 0) does not mean
that the value m = p*» occurs exactly ¢, times in |R, p|, (resp. |R_r|,). This is because if
Spr1 = Sp,r, fOr some 71 and r in Rp such that both are in R, r (or R_ 1), then p°r1 occurs ¢,,
times and p°2 occurs t,., times, and thus v = p*»"1 = p°»72 (y = 1) occurs at least ¢,., +1¢,., times
in |Ryr|, (orin |R_r|,). In (i) of (I) of Theorem 2.2, I" is normalized so that f,(q) does not
possess any root equal to zero, i.e., all roots of f,(¢q) are nonzero. Hence condition (1) of (i) says
that f,,(¢) contains at least one non-zero root which is not a root of unity. In a future paper, we
will address the lifting of the condition, which we impose on some parts of (i) and (ii) of Theorem
2.2 concerning the fields of coefficients of a maximum solution I" being Q, in the case where the
field of coefficients is of characteristic zero.

We conclude this section with the following:

Problems:

(1) Suppose T is a maximal solution of Functional Equation (2) with support base P = {p}
for some prime p and with field of coefficients different from Q. Must I' have the form described
in (i) of Theorem 2.2?

(2) Suppose I' is a maximal solution of Functional Equation (2) with support base P contain-
ing at least two primes. Suppose that the field of coefficients of I is not Q. Must P have finite
complement?

(3) If P contains at least two primes and if there exists one maximal solution to Functional
Equation (2) with support base P and field of coefficients strictly contains @Q, then does that
implies there are infinitely many such solutions?

3 Proof of results

Proof. (Proof of Theorem 2.1)

Let I' = {f.(q)|n € N} be a nontrivial sequence of rational functions, with field of coeffi-
cients Q, which satisfies Functional Equation (2) and let P # () be its support base.

(I) Suppose P = {p} for some prime p. Then T is nontrivial. The support of I, Ap, must
have the form {p"|n € NU {0} } for the prime p in P. Since I satisfies Functional Equation (2),

for (@) = fp(@) fpn—1(q") (3.1)
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where f,(q) is the rational function in I" indexed by p. As a result, each rational function fy(q)
is determined by f,(¢) by induction. Therefore,

I'={fm(@)lfolq) =1,n e NU{0}}

with fn(q) = fp(q)fm-1(¢”) for all n € Ap, and I' contains only polynomials if and only if
f»(q) is a polynomial. Therefore, (I) follows if we prove that (3.1) gives in fact a well-defined
formula for f,»(q) for each n € N. This follows from the lemma below:

Lemma 3.1. Let n be any natural number. Let u and v be nonnegative integers such that u+v =
n. Then

fp”(Q) = fp“(Q)fp” (qpu) = Jpe (Q)fp“ (qpv)- (3.2)

Proof. Without loss of generality, we may assume that uw > 1 and v > 1 because if either of them
is equal to 0, then (3.4) becomes f,»(q) = f,~(q). We prove this lemma by induction on n:
(1) For n = 2, (3.2) becomes

fp2<Q> = fp(Q>fp(qp> = fp(Q)fp(qp)

which holds because of (3.1).
(2) It can be verified from (3.1) and the induction hypothesis that

For (@) = fol@) for1 (@) = Fo(@) s (@) o (@) = fyu (@) fir ().

Similarly,

For (@) = Fo(@) fyn1 (") = Fol@) fyp=1 (") fie (")) = Fir (@) e (a™").
Therefore,
For (@) = For (@) fyo (@) = For (@) fi (")
for all nonnegative integers v and v. In particular, the sequence of rational functions

[={fp(g)ln e NU{0}}

satisfies Functional Equation (2).

(IT) Suppose | P| > 2. First we prove (2). Then we show that (2) implies (1).
By the normalization discussed earlier, there exists a collection of positive integers R =
R, r U R_r and a collection of positive integers {¢,|r € R} such that

T€R+’F TER,’F

for all n in the support Ap of I'. If R_ 1 = (), then it follows immediately that f,,(q) € Q]q] for
all n in the support Ap and there is nothing to prove. Hence we may assume that R_ # (). Let
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us consider the collection of rational functions

Le={f@= ] (W) I (W) 1pe P}

T€R+,[‘ TER,J‘

3

It can be verified from Functional Equation (2) that part (2) of Theorem 2.1 will follow if we can
show that f,(q) is a polynomial for each p € P if and only if it satisfies the condition described
in (2) of (II) of Theorem 2.1.
First let us prove a weaker statement: [' contains only polynomials if and only if (2.1) holds
for all pin P.
(=) Suppose that
|R—,F’p - |R+,F|p

for all p in P.

Lemma 3.2. Let p be any prime and let r be a positive integers.
(1) If p does not divide r, then

[Pl = H Ppy(q)

yEX,

where %, is the collection of all distinct divisors of v, and P,,(q) is the irreducible monic cyclo-
tomic polynomial of order py with coefficients in Q.
(2) If p divides r, then
[Pl = H Bpe+14(q)

YEX,

where Y., is the collection of all distinct divisors of z%’ p® is the highest power of p dividing r and
Py:+1,(q) is the irreducible monic cyclotomic polynomial of order p* 1~y with coefficients in Q.

Proof. (1) Suppose p does not divide r. Let u be a positive integer and let P, (q) be the cyclotomic
polynomial in Q[g] of order u, i.e., P,(q) is the irreducible (in Q[¢]) monic polynomial in Q]g]
whose roots are all distinct primitive u-roots of unity. Let Y. be the collection of all distinct

divisors of r . Since
¢ —1

plgr = =1
the roots of [p],, viewed as a polynomial in ¢, are all distinct pr-roots of unity which are not
r-roots of unity. Since p does not divide r, the collection of all roots of [p]|,- must consist of all

the roots of unity of order py where v divides r. As a result,

Pl = 11 Prl@)-

YEL,

(2) Suppose p divides r. Let z be the highest power of p dividing  and let II,. denote the
collection of all distinct divisors of #. Since p divides r, it can be verified using the same
argument as in (1) that the collection of all roots of [p],~ must consist of all the roots of unity of
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order p* ™!~y where ~y divides 1%. Then

[plg = H Pye+14(q)-

vyell,
O

Let p be any prime in P. It can be verified from (1) and (2) of Lemma 3.2 and the definition
of |R; r|, that

H ([p]q’">tT: H H(Pp'z“v(Q))tT: H P.(q)

reRyr reRy r y€Ellr wE|Ry rlp

where 11, is the collection of all distinct divisors of #. Similarly, it can also be verified that

H (Mq*)tr: H H(sz“v(Q))tT: H Fo(q).

réR_ reR_ r ~€ll, we|R_rlp

As a result,

fola) = H ([plgr)"

reRp
= H ([plgr)™ H ([plgr)"
| Hwe|R+ﬁp7|p Pou(q)

[oeir p, Pol@)
Hence, f,(q) is a polynomial since
‘R—,F’p < ’R+,F|p
for each p in P. Therefore, I' contains only polynomials.

(<) Suppose I contains only polynomials and R_  # (). Then f,(¢) is a polynomial for all
primes p in P. As above, we have

HwE‘R+7F‘p P,(q)
Hwem,ﬂp F.(q)

fp(Q) =

for all p in P. Since P,(q) is irreducible,
|R—,F|p - |R+,F|p

for each p in P.
Now to see that condition (2) implies (1)(a) and (1)(b), it suffices if we show that the weaker
statement above implies (1)(a) and (1)(b).
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To prove (1)(b), suppose that there exists an element 7 in [2_ - such that r is greater than every
element of R, . Then it can be verified from the definitions of |R_ r|; and |R r|; that 7 is in
|R_r|: but r is not in | R, r|; for every ¢ in P. Similarly, if there exists an element  in R_  such
that r is divisible by a prime p which does not divide any element of 2 r, then it can be verified
that ¢t°7p, where s; , is the highest power of ¢ dividing r, is in | R_ r|; but not in | R, r|; for every
t in P. Therefore, if either of the conditions in (1)(b) occurs, then it can be verified that |R_ |,
is not a subset of | R, r|;. This contradicts our assumption that condition (2) holds and thus the
result follows.

To show that (1)(a) also follows from condition (2), suppose that (2.1) holds for all primes p

in P and
e,
TERJF’F

HT‘ER_,F TtT

is not an integer. Then there exists a prime s with s dividing some element r in R_ 1 and a positive

integer n such that s divides || r'" but does not divide [, . Let

TER_,[‘
(DR_J* = {TZ‘ € R,I‘ ’ 8‘7’1‘}.

For each r; in ®, let e; be the highest power of s dividing r;. Then

| | ¢t = ",

T'q,'E‘I?R_ r

Note that s must also divide some element 7’ in R  since (1)(b) holds (see above). Choose a
prime p in P such that p # s (this can be done since P contains at least two primes by hypothesis).
Let

Qg . :={r; € Ryr | s|r;}.
For each 7 in ®p, ., let g; be the highest power of s dividing r;. Then

H st = g™

rj €¢R+’F

for some integer m < n. Let r; be any element of ®p_ .. Letz_ |, and [|g_ .|, be the multiplic-
ities of p*»7is% in |R_ |, and | Ry p|, respectively where s, is the highest power of p dividing
r;. From the hypothesis |R_r|, C |R4 r|,, we have:

Z|Rf,r|p < Z|R+,F|P'

It can be verified that this implies m > n (the details are left to the reader), which contradicts our
assumption. Thus the result follows. This shows that if I' contains only polynomials, then it is
necessary that conditions (1)(a) and (1)(b) are satisfied.

Lemma 3.3. (1) If each prime t in P does not divide r for any r in Ry, then 1" contains only
polynomials if and only if (2.1) is satisfied for any t in P.
(2) If (1)(b) is satisfied and (2.1) holds for at least one prime p in P which divides r for some
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r € Ry, then (2.1) holds for all primes t which do not divide any r in R, r, and thus (2.1) holds
for all t in P which do not divide r for any r in Ry.

Proof. (1) If each prime p in P does not divide r for any » in R and if I' contains only poly-
nomials, then (2.1) holds for all primes p in P by the proof above. To prove the other direction,
suppose that every prime ¢ in P does not divide r for any 7 in r and suppose that (2.1) holds for
one prime p in P. To show that I' contains only polynomials, it is sufficient for us to show that if
(2.1) holds for p, then (2.1) holds for all primes ¢ in P in this case. For this, it suffices for us to
prove the following statements:

Riy

pi — |R+,F|Pj

and
|[R_r

Pi |R—,F|Pj

for any primes p; and p; in P. By assumption, s;, = 0 for all £ in P and all 7 in Rr. In particular,
sy = 0 for all 7 in Ry by above. It follows from the definitions of | Ry |, and |R_ |, that

|Rirlp = {7 |7|r,r € Ryr} (3.3)

and
|R_rlp={7|vlr,r € R_r} (3.4)

with 7 appearing ¢, times in |R, |, (resp. in |R_p|,) for each r in Ry r (resp. R_r) divisible
by 7. Since the right hand sides of (3.3) and (3.4) are independent of p, (1) follows.

(2) Suppose (1)(b) holds. Then it follows immediately that if s is prime in P dividing r for
some 7 in R_ r, then s divides r for some prime 7 in 2 1. Suppose that there exists one prime ¢
in P such that ¢ divides r for some 7 in R 1 and

|R_rl € |Ryrle

holds. Let p be any prime such that p does not divide any element r in Rr (or equivalently, in
R 1 since (1)(b) holds). Then we need to show:

’R—,F|p C |R+,F|p’

Write

[Repl={t"ry |7 € Repiylo=} = {7 | r € RUnl==} U {y | r € REpinir)
and

[Ropl={tvry [ € Ropiyl =) = {0y | r e ROl =y U {y [ r € B%panir)

where:

e (% appears t, times in | Ry r|; (resp. in |R_ p|;) if ¢, > 0 (resp. if ¢, < 0).
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° RS:,)F (resp. RS)F) consists of all  in 2 p (resp. in [2_ ) which are divisible by ¢.
° Rf,)r (resp. R(j)r) consists of all  in 2 p (resp. in 2_ ) which are not divisible by ¢.

Since the above unions are disjoint as well as

St,r 1 . r 2 .
{try e R{pnl =30 {y [r e R%ualry =0,
St n., . r 2) .
{tery |r e REpal =y n{y | r € REpnir)
and
.

{try |r € REal =y n{y | r € REqir} = 0,

tst,r
it follows that
2 2
{v1r e RPsqlr} 2 {7 | € RZ591r}

and
T

tst,r

r

tst,'r

St,r 1. St,r ]'.
{trry | r € RUsvl——) 2 {7y | r € RY

}.

We can also write

1 2
[Rorly={y|r€Rervlr}={v|r € RUsrlr} Uy |re RPsqr}

and
\R_rly={v|7€R_ri7lr} = {7 |r€ RYsylry U {y|re R%;q0r)

since s, , = 0 for all  in Ry by assumption. Note that these unions are not necessarily disjoint.

It can be verified from above that it suffices for us to prove:
1 2 2
U={y|reRplrtuly|re Rl —{v|re R}

2 {y|reRlipalr} =v.

Let us suppose the contrary. Then there exists an element v, in ) such that v, appears with
greater multiplicity in ) than it does in Y. It can be verified that ~y, is of the form ¢*~" where
w € {0,...,s,,}and o/ divides -+ for some r in R(f)r such that w < s;,.. Let Wy, (resp. Wy)

denote the collection of all 7 in R(_{)F (resp. in R$7)F) such that v, divides 7, or equivalently, such

that s, > w and 7/ divides .
There are two cases:
(i) w € {1,...,s:,}: It can be verified that the following statements hold:

e 7o mustoccurin {vy | r € RS:’)F; v|r} if vo occurs in U.
e The multiplicity of 7, in V' is equal to the its multiplicity in |R_ p|,,.

e The multiplicity of 7, in U is equal to the its multiplicity in | R, p|,.
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Let m_ denote the multiplicity of t“~' in |R_ |, and m. denote its multiplicity in |R r|,.
Then m_ > m_ by assumption. It can be verified that

m_ = > t, = oot

{reR_ rlst.r>wyy| s} {reR_ rlreWwy}
and
my = Z t, = Z t,.
{reRy rlst,r>wy'| =i} {reRy rlreWy}
Write
Wy = U W\(j)
%

as a disjoint union where WS )= {r € Wy, | s;,, = v;} for some positive integer v;, and

W =Wy

as a disjoint union where WS) = {r € Wy | st, = u;} for some positive integer u,;. Since
|R_ |t C |R4 |t it can be verified that:

{vi | sir =vi5r € W](f)} C {u; | 810 = us 7 € Wb({i)}’

and

dot< Y b

rew)) rewy
if v; = u;. Therefore,
m_:E E trgg E t, = my
iorenl) iorewt)

which contradicts our assumption.

(i1) w = 0: Let us show that the multiplicity of v, in V is at most its multiplicity in the subset
{v]|re RS:,)F; v|r} of U. Let m_ denote the multiplicity of 7o in V, m, denote its multiplicity
in{y|re R$7)F;7|T} and m represent its multiplicity in /. Hence m; < m. Also, m_ > m
by the assumption about 7,. Let Gy, (resp. G;;) denote the collection of 7 in R(f)r (resp. in RS:,)F)
such that -y, divides r, or equivalently, such that s;,, > w and 7/ divides 76~ It can be verified

that
m_ = > t, = oooot= >t
treRUplser>wnlhzy reRUplyigizy  reRorireiv)
and
my = > t, = dooth= D>t
{reR st >wiy/| =} {reRUp 1Y |5si) {reRyrlreGu}
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Similarly as in case (i), write
G = Ja
i
as a disjoint union where
Gy = 1{r € Gy | si, = vi}
for some positive integer v;, and
Gu =G,
i
as a disjoint union where
gb(,i) ={regy| St = u; }
for some positive integer u;. It can be verified from the relation stated earlier, namely

r r

St.r 1 . St,r 1 .
{tery | re R(_,)nﬂtsm} c{try|re Ri,)r,ﬂtsm},
that
{vi | str =wvi37r € fo)} CH{u; | stp=usre Qz(f)},
and

Doty b

regg) regéf)

if v; = u;. Therefore,

mo=Y > <Y > ty=my<m

i ed® e

which also contradicts our assumption.
As a result,
|R—,F|p < |R+7F|p

and the proof of Lemma 3.3 is complete.
O

Therefore, if (1)(b) is satisfied and (2.1) holds for all primes ¢ in P which divide some 7 in
Ry 1, then (2.1) also holds for all primes ¢ which do not divide any r in R, r. Therefore, (2.1)
holds for all primes p in P, and thus I" contains only polynomials.

To complete the proof of Theorem 2.1, we need to show that the converses of (1)(a) and
(1)(b) do not necessarily hold. That is to show that there exist sequences I' of rational functions
satisfying the hypothesis of Theorem 2.1 such that I" satisfies either condition (1)(a) or condition
(1)(b) of Theorem 2.1 but they contain rational functions which are not polynomials. For this, see
examples (1) and (2) below.

]

Some application examples: The following examples illustrate various situations concerning
Theorem 2.1.
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[nl2(n]5)?

(DI = {fulg) = [n],3

Since

| n € Ap} where P = {2,3,5}.

tr

HTER+7F r . 253
HTGR,YF Ttr 3

is not a positive integer, I' does not contain only polynomials by condition (1) (a) of Theorem 2.1,
a fact which can be verified by direct computation or by noticing that the polynomial which is the

numerator of 5
[3] q? ( [3] q° )

[3](13
does not possess any primitive 9-root of unity while the polynomial which is the denominator of
f3(q) does.

_ [nl2(nls)?

QT :={fule) = ] 6

f3(q) =

| n € Ap} where P = {2,3,5}. Then

HT€R+7F Ttr . 233
HT‘ER,YF rt'r‘ 6

is a positive integer. However, since 6 > 2, 3, I' does not contain only polynomials by condition
1 (b) of Theorem 2.1. This conclusion can easily be seen to be correct since the polynomial

possesses at least one primitive 30-roots of unity while the polynomial

(512 ([Blg2)” = QI20:11 (qqu—_ll)3

does not.

][

Q) :={fulqg = W | n € Ap} where P = {2,3,5}. Then
HT€R+,F 'rt?" o 69

_ —1
HreR_,F rtr - 2.33

is a positive integer. Moreover, no element in I2_ r is greater than every element of R . To
check condition (2), we have

® R_hp = {6, 9} with t6 =1 and tg =1.
o R,J* = {2, 3} with to = 1 and ty3 = 3.

However,
|R_r|s ={1,2,3.1,3.1,3.1}

which is not a subset of
IR, r|s ={3.1,3.2,3%.1}.
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Hence I' does not contain all polynomials. This can also be seen directly by noting that the

[3]gs[3g0
[3]q2 ( [3]q3 )?

does not posses any primitive 6-root of unity while the denominator, [3],2([3],3)%, does. This

numerator of

f3(Q) =

example shows that conditions (1)(a) and (1)(b) are not sufficient for giving an affirmative con-
clusion to the question whether or not I' contains only polynomials.

@ T = {f.lq) = (rlg0) 1o 21 | n € Ap} for some collection of primes P. Then

[n],2([n],3)?

conditions (1)(a) and (1)(b) are satisfied since

HTGR_F’[‘ rt?“

[Ler 7" 2.3

is a positive integer and there is no element in R_ 1 which is greater than every element of 12, .
Also, there is no element in R_ r which is divisible by a prime which does not divide any element
of R+,F.

(a) Suppose P = {2,3,5}. Then

IR, |y ={2.1,2.3,2.1,2.3,1,3,5,15,1,3,7,21}

does not contain
{2.1,1,3,1,3,1,3} = |R_r|2

as a subset. Therefore, I' does not contain only polynomials by condition (2) of Theorem 2.1.
(b) Suppose P = {7,11,13}. Then

|Rirlr={1,2,3,6,1,2,3,6,1,3,5,15,1,3,7,21} D> {1,2,1,3,1,3,1,3} = |R_r|r.
|Rir|ln=1{1,2,3,6,1,2,3,6,1,3,5,15,1,3,7,21} D> {1,2,1,3,1,3,1,3} = |R_rl|11-
|Rirlis =1{1,2,3,6,1,2,3,6,1,3,5,15,1,3,7,21} D {1,2,1,3,1,3,1,3} = |R_rl1s-

Hence, I' contains only polynomials by condition (2) of Theorem 2.1. This example demonstrates
that the answer to the question whether or not I' contains only polynomials also depends on its
support base P and that | R, r|, and |R_ r|, stay the same for every p in P if p does not divide r
for any r in Rr.

Proof. (Proof of Theorem 2.2)

(i) Suppose that P = {p} for some prime p. Let f(q) be a nonzero polynomial with coef-
ficients contained in a field of characteristic zero. It can be verified from the proof of Theorem
2.1 (also see [4] for more details) that there exists a unique sequence of polynomials, satisfying
Functional Equation (2), of the form

L= {fr(@file) =1,n €N, f(q) = f,(a)}

with fyn(q) = f»(q) fyn—1(¢?) forall n > 1. Hence the support base of I is P. By normalizing this
sequence of polynomials using Theorem 1.8, we may assume that f,(¢) is a monic polynomial
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with nonzero constant term (0 is thus not a root of f,(q)).

Lemma 3.4. Suppose f,(q) satisfies either of the following conditions of Theorem 2.2:
1. f,(q) possesses at least one root which is not a root of unity.

2. If all roots of f,(q) are roots of unity, then there is at least one root whose order is not
divisible by p.

Then T is a maximal solution of Functional Equation (2).

Proof. Suppose that I is not a maximal solution. Then there exists a sequence of polynomials

= {fi()ln € N}

satisfying Functional Equation (2) such that its support base P~ strictly contains P and f;(q) =
fp(q). Hence, P* contains at least two primes. If the field of coefficients of I'* is Q, then there
exits a collection of positive integers Rr- and a collection of integers {t, | 7 € R~} such that

r€Rrx

for all n € Ap« by Theorem 1.9. In particular,

rE€Rpx*

Consequently, it can be verified that every root of f7(q) = f,(q) is a root of unity of order
divisible by p. Therefore, this contradicts the hypothesis of Lemma 3.4. Hence I" must be a
maximal solution.

If the field of coefficients of [* strictly contains Q, then there exists a sequence of polynomials
IV, with Q as its field of coefficients and support Ap-, satisfying Functional Equation (2) such
that f¥(q) divides f, (q) for all n in Ap-, by Theorem 1.10. Then again by Theorem 1.9,

r€Rp/

for all n € Ap/ for some collection of positive integers R and some collection of integers
{t, | 7 € Rp} since the field of coefficients of I is Q. Since f,(¢) divides f;(¢) which in turn
divides f}(q) in C[q], it can be deduced that every root of f,(q) must also be a root of unity of

order divisible by p, which contradicts the hypothesis. Therefore, I' must be a maximal solution.
O

Next let us suppose that I' is a maximal solution of Functional Equation (2) with support base
P = {p} for some prime p and with field of coefficients Q. Hence f,(¢), the polynomial in I
indexed by p, must be nonzero. We need to show that I' has the form and satisfies the properties
prescribed in Theorem 2.2. As above, it can be verified that I' must have the form

I'={fr(@Ifi(g) = 1,n e N}
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with fn(q) = fp(q) fn-1(¢?) for all n > 1. By Theorem 1.8,

fola) = v(p)g™ " Vg, (q)

where:

e ¢,(q) is a monic polynomial with nonzero constant term and the sequence of polynomials
{9.(q) | n € Ap} satisfies Functional Equation (2).

e 1 is a completely multiplicative arithmetic function with support Ap.

Lemma 3.5. g,(q) must be a nonconstant polynomial.

Proof. Suppose g,(q) is a constant polynomial, i.e. ¢,(g) = 1 since it is monic. Let r be any
prime distinct from p. Define:

frl@) = ¥(r)g™" Vg, (q)

where:
hd gr(Q) =L
o Y(r) =1,¢(r™) := (Y(r))™ and Y (p"r™) := Y(p™)(r™) for any nonnegative integers
m and n.

Then ¢ is a completely multiplicative arithmetic function on the domain of the form Ap :=
{p"r™ | n,m € N U {0}} which is a prime semigroup generated by P’ = {p,r}. It can be
verified that the sequences of polynomials

{gn(@) | n € Ap/}

and
I":={fu(q) [ n € Apr}

satisfy Functional Equation (2) such that I is the restriction of I'" to the domain Ap. Hence, I is
not a maximal solution to Functional Equation (2), which contradicts our assumption. Therefore,
gp(¢) must be a nonconstant polynomial. O

By Theorem 1.8, we may assume that I is its own normalized version, i.e., each polynomial
fn(q) is a monic polynomial with nonzero constant term for all n in the support of I'. By Lemma
3.5, f,(q) is a nonconstant polynomial and thus possesses at least one root. Suppose that every
root of f,(q) is a root of unity of order divisible by p. Let T be the collection of all roots of f,(q)
and let « be an arbitrary element of Y. Then its minimal polynomial over Q is P,_,(q) for some
positive u,, where P,_,(q) is the cyclotomic polynomials with coefficients in Q and of order up.
From the proof of Part (I) of [5], we know that



for some collection of positive integers R and some collection of integers {¢, | 7 € R}. Hence,

Fo@) = 1] @Puenl@))™ = TTC IT (el = T (Wler)

aeY a€Y r€Ruyp reR

for some collection of positive integers R and some collection of integers {s, | r € R}. Lett be
a prime distinct from p such that ¢ does not divide r for any r in 2. Then it can be verified from
the proof of Theorem 2.1 above that

re€ER

is a polynomial. It can be verified that f,(¢) and f;(¢) satisfy Functional Equation (1). Therefore,
they determine a unique sequence of polynomials ", satisfying Functional Equation (2) with
support base P’ = {p, ¢}, which contains both f,(¢) and f;(¢) by Theorem 1.6. Hence, I is the
restriction of I to Ap and thus cannot be a maximal solution. This contradicts our assumption.
Thus the result follows. []

(i1) Suppose P contains at least two primes and let Ap be the prime semigroup generated by
P. Suppose further that P has finite complement and let F, be its complement, i.e, F, is the
collection of all primes which are not in P. If P, = (), i.e, P contains all primes, then it follows
immediately that
[=A{([nly)* [ n € N}

is a maximal solution with support base P for each nonnegative integer s. We may assume
henceforth without loss of generality that P, # (). Let

Define

= (@) | fulg) = [Ejjf:;n € Ap).

Lemma 3.6. I’ contains only polynomials and

is not a polynomial for any prime p; in P,.

Proof. Wehave R = {u}, R_pr = {1} and ¢, = 1 = ¢;. Let p be any prime in P — P,. Since
p does not divide u by construction, it can be verified that | R, |, is exactly the collection of all
distinct divisors of u each appears with multiplicity 1, and |R; r|, = {1}. Hence,

‘R+7F|p 2 |R1,F‘p' (3-5)

Since p is an arbitrary prime in P — P,, (3.5) holds for all p in P — P,. Therefore, I' contains
only polynomials by Theorem 2.1.
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Let p; be any prime in F,. Then

U
|R+,F|p = {pﬂ | 7|5}

)

where p;y appears with multiplicity 1 since ¢, = 1. Since ¢; = 1,

[B—rlp = {1}

where 1 appears with multiplicity 1. Hence, |R r|,, does not contain |R_

p; for each prime p;
in P,. Therefore, it can be verified from Theorem 2.1 that

is not a polynomial for any prime p; in F,.
[]

It follows immediately from Lemma 3.6 that [' is a maximal solution with support base P.
Suppose

I:={/fulg) [n € Ap}

is a maximal solution of Functional Equation (2) with support base P containing at least two
primes and with field of coefficients (. By Theorem 1.9, there exists a collection of positive
integers R and a collection of integers {t, | 7 € Rr} such that

fle) = [T (le) = T (W) T (de)™

r€Rp reRy r reR_r

for all n in Ap where R, r and R_ r are defined as before.
Lemma 3.7. P must have finite complement.

Proof. Since I' is a maximal solution, it contains only polynomials by definition. Hence,
[Rirle 2 [R-rle

for all primes ¢ in P by Theorem 2.1. Hence condition (1)(b) holds. Let p be any prime such that
p does not divide r for any 7 in R, then it follows from Lemma 3.3 that

’R+,F|p 2 |R—,F|p‘

Let 7" be the set containing all such primes p. By Theorem 2.1, this is equivalent to

B =11 Wl =TT @) 1T (ede)”

r€Rp reRy r reR_r

is a polynomial for all primes p in 7. Since Rr contains only finite many elements, it follows that
T contains all but finitely many primes. As a result, P must contain 7" as a subset for otherwise
I would not be a maximal solution. In other words, P contains all but finitely many primes.
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To complete the proof of Theorem 2.2, we need to prove the following lemmas:

Lemma 3.8. Let P be a set of primes with nonempty finite complement. Then every maximal
solution to Functional Equation (2) with support base P must have the form

U= {ful@= 10" = 1T W)™ I (o) In € Ap}

reR TGR,_’F T€R+,[‘

where:

o R_r#0.

e For each prime p in the complement of P, |R_ 1|, is not a subset of |Ry r|,.

Proof. From above, we know that there exists at least one maximal solution with support base P.
Let I' be one such maximal solution with support base P and field of coefficients of characteristic
zero. By Theorem 1.11, I' is generated by quantum integers. Thus there exists a collection of
positive integers R and a collection of integers {t, | » € Rr} such that

F={ful@) = [J(Ile)" = TT (o) TT ()" In € Ap).

reR TGR,’F TGR«F,F

Suppose R_r = (). Since the complement of P is nonempty, there exists at least one prime,
say p, in the complement of . Then

folq) == H([p]q")tr = H ([lgr)" H ([plgr)" = H ([plgr)"

reER T‘ER_’F TER_hp T‘ER_;,_’F

is a polynomial. It can be verified that f,(¢) and f,(q) satisfy Functional Equation (1) for any
prime 7 in P. By Theorem 1.6, the sequence of polynomials

Y ={fs(q) | s€ PU{p}}

induces a unique sequence of polynomials I satisfying Functional Equation (2) with support
base P’ = P U {p}, which contains ¥ as a subsequence. It can also be verified that I" arises from
[ by restriction of domain to Ap. This contradicts the fact that I" is a maximal solution. Hence
R_r #0.

If there is some prime p in the complement of P such that
[R-rlp € [Ry.rlp,

then it can be verified from the proof of Theorem 2.1 that

fol@ =TT W)= IT (W) T Wle)”

rERp T‘GR,’F T€R+7F

is a polynomial. By a similar argument as above, it can also be verified that I is not a maximal
solution which contradicts the assumption. Therefore, the result follows.
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]

Let P be a collection of primes containing at least two primes. Suppose that there exists a
sequence of polynomials I" which is a maximal solution to Functional Equation (2) with support
base P and with field of coefficients Q. We want to show that there are infinitely many such
sequences. If P contains all primes, then this is proven above. Thus we may assume henceforth
without loss of generality that P has nonempty complement. By the proof above, P has finite
complement and there exists a collection of positive integers Rr and a collection of integers
{t, | r € R} such that for all n in Ap,

fale) = [T ()= T (W)™ T (o)™

r€Rp reRy r reR_r

with R_r # (0 and |R_r|, C |Ry 1|, forall pin P.

Lemma 3.9. Each sequence of polynomials of the form

M= (@) = [T ()= [T (o) TT (nle)™

T‘ESF/ T€S+7F/ 7‘687’1—\/

TLEAP}

is a maximal solution of Functional Equation (2) with support base P and field of coefficients Q
where:

[ J SF/ = S+,F/ U 8771-*/;
° SJDF/ = R+,F uc;

o C is either the empty set or a set of the form {r} where 1 is a positive integer such that w
does not divide r for any w in the complement of P;

b 57,1“' = Ri,r,

such that s, > t, is a positive integer for each r in R, r and s, = [ for some positive integer [ if
r e C.

Proof. The only nontrivial part is that [ is a maximal solution. First let us verify that I is a
solution of Functional Equation (2) for any set Spv of the form given in the statement of Lemma
3.9. By carrying out a direct verification using (1.2) and Theorem 6 of [3], it can be verified
that I satisfies Functional Equation (2). Next, let us verify that for any set Srv of that form, the
corresponding sequence of rational functions I'” contains only polynomials. If s is any prime in

P, then
H ([slg)™ H ([slg)"

7‘67?4_71* TER_J*

is a polynomial by definition of I', or equivalently,

R_r|s is a subset of |R, r|s. Therefore, it
follows immediately from the definitions of S v and S_ v that

fia) = II sl TT (sl = I sl TT (sle)™ (3.6)

r€S, 1 réS_r TES, v reR_
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must also be a polynomial. Since I contains only polynomials if and only if f!(g) is a polynomial
for each prime s in P, it follows that I” contains only polynomials. Finally, let us show that a set
St of such form can be constructed so that I is maximal. It can be deduced from the definition
of S4 r and S_ v that

IS_r|s =|R_rls € |Ryrls €[St rls (3.7)

where | S r|s and |S_ r|, are defined in a similar fashion as | R r|s and | R_ |, respectively. Note
that |S_ | = |R_ r|; for all primes ¢ (not just the primes in P). Note also that a prime ¢ in the
complement of P divides an element ' in S v if and only if ¢ divides some element 7 in R r.
Thus we may replace |S_ rv|; by |R_ r|; for any prime ¢ from now on. By the same argument as
before, | R_ r|; being a subset of |S, r|; is equivalent to the fact that (3.6) is a polynomial for each
prime ¢ (with ¢ replacing s). In particular, (3.7) holds for each prime s in P. Let p be a prime not

in P. Then
IT (e T (ple)”

’V‘ER+7F TER,7F

is not a polynomial since I" is maximal. Therefore, |R_ 1|, is not a subset of |R |,. Since I'
contains only polynomials, condition (1)(b) of Theorem 2.1 is satisfied. Therefore, p must divide
some r in R, r by Lemma 3.3. Write:

Syl = {py | re S ’Y v +r/a’Y r/;’Y]T};
(3.3)

[Ryrly = {p"7 |7 € Ry = {prry|re R il
(3.9

R 1l —{ps”WITGR—r,’V = {p»y|reR" pry ®slry
(3.10)

where:
e p°rroy appears ¢, times in | R |, (resp. in |R_ p|,) if , > 0 (resp. if ¢, < 0).
e s5,, > 1foratleastone rin 2y r.

° Sf’)r,, RS:)F and R(_{)F consist of all 7 in S, r, Ry r and in R_ 1 correspondingly which are
divisible by p.

082)

+,I7>
not divisible by p.

Note that R(1 £ 0. 1f R®) - # 0, then define C := (). Otherwise, let C := {r} for some
positive 1nteger r such that w does not divide r for any prime w in the complement of P. As a
result, s T F () since p does not divide the element r in C by construction.

As the unions in (3.8), (3.9) and (3.10) are disjoint, it can be verified from the definition of

S—I—I’ that

R 2)r and R T consist of all 7 in Sy r, Ry r and in R_ r correspondingly which are

Sp,r

)

{pSPWHGRJJa r/v ol

spr
and
2 2
{vIre RZPuqlr} € {v |1 e SPhinlr).
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o )}
p,T
(resp. in { | r € S@ Lyl with multiphcity m > 0 (resp. n > 0), then & must appear in

{prry | r € RJr Y }(resp. in{v | r € RJr r;7v|r}) with multiplicity u (resp. v) such that
m > u > 0and n > v > 0. Hence if there exists an element A in

Moreover, it can be Verlﬁed from our construction that if o appears in {p*»ry | r € s g o

Spr

{proy | r e RUL Rl

which does not appear in
{pry | r € Ripy o }

then A\ does not appear in

Sp,r (1 r
oy lr e Simnl o)

Since P has finite complement, there exists a prime z in P such that z does not divide r for
any 7 in Rp/.. Then

c={y|reSemalr} =y | re Sy LAl G

- {’7 | re R+ F57|r} - {pwr’y | re R+ Fa +F77|T} (312)

|R_

={y|reR_mlr}={py|reR" pry p, ylr},  (3.13)

where 0 < w, < s, for each r, since s,, = 0 for all 7 in Sp». Note that the unions in (3.11)
(3.12) and (3.13) are not necessarily disjoint. Since z is in P, 3.7 implies that if ~q satisﬁes
for some 7 in R

either of the following properties: (i) vo|r for some r in R 5 or (i) Yo
then

SPT'

0 <My + Ny S Mo + N2

< m37’YO + n37’707

where:

® My, Ma~, and ms., are the multiplicities of vy in {y | 7 € Rf};ﬂr}, {v]|re

Rf,)ﬁ ylr} and {v | r € SJ(FQ’)F; 7v|r} correspondingly.

r
Sp'r 9

0 < w < sp,)

® 1 ,, N2+, and ng ., are the multiplicities of o in {p*v | 0 < w < 55,7 € R(l)r;
w 1 r w 1
{p°y | r € RUpin S0 < w < s} and {pUy | 1 € Sl
correspondingly.

5p7‘7

® 1My + 101 s M2y, + N2+, and M3 ) + 13 4, are the multiplicities of 7o in |R_ p

Al

and |Sy r|. correspondingly.

Note that m, ,’s and n;.,’s may be zero. It can be verified that such a -, also appears in
|R_r|, and my ,,, ma ., and mg ., are also the multiplicities of 7, in the sets { | r € R(j)r; vlr},
{vI|re Rf}r; y|r},and {y | r € Sf)r; v|r} of the equations (3.10), (3.9) and (3.8) correspond-
ingly.
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If my ,, > ma, for one such vy, then R( ) r#0andthusC =Qand {7y |7 € R( ylrt s
not a subset of {7 | € R| F,7|r} Define:

U={fi@= 11 = 11 We) 1] (0l 10 € Ap} (.14)

T‘GSF/ TESJMF/ 7‘657’1“/

with s, > ¢, for each r in RS:’)F and s, = t, for each r in Rf,)r- Then IV # T since RS}F # (). It
can be verified that
{v1r e8Py ={v|r e RPusql}, (3.15)

where the set on the left hand side of (3.15) is the set that appears in (3.8) and the set of the right
hand side of (3.15) is the set that appears in (3.9) (and (3.12)), as well as

{pSPW\TGS(l wl }ﬂ{7|T€R F,W} 0, (3.16)

where the set on the left hand side of M in (3.16) is the set appears that in (3.8) and the set
of the right hand side of M in (3.16) is the set that appears in (3.10) (and (3.13)). As a result,
|R_r|, = |S_r|, is not a subset of |S, v

fg/;(Q): H ([plgr)™ = H ([plgr)®r H ([plg)™

T‘ESF/ T‘ES+A’F/ 7‘68771—\/

p» and thus it follows from Theorem 2.1 that

is not a polynomial. Therefore, [ is a maximal solution with support base P. Since there are
infinitely many distinct sequences of polynomials I of the form defined in (3.14), there are
infinitely many maximal solution with support base P and coefficients in (Q as required.

If my 4, < may,, for all such g, then

2 2 2

{717 e R%uqlr} € {y |7 € RPunlry C {y | r € SPhinlr). (3.17)

By construction, S? T F () whether or not R(_Q)F is empty.

Since
{pr~y|reR! p,’v\ }ﬂ {7 1resinlr =0,
|R—,F|p < |S+,F’|p
if and only if

{psp'rry|7"€R l—w,’y Sp,r +F”,7| Sp'r} (318)

That is, f[’,(q) is a polynomial if and only if (3.18) holds. By the maximality of I" and (3.17),

}

Sp,r 1
{p°r v\rER()rm!

P

- hie.,

is not a subset of {p*rr~ | r € R+F,

Sp,r Sp,r

{(prrvy | r e R" 1‘77 +pry 1‘77
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Define:

U={fi@= 11 = 11 We) 1] (0l 10 € Ap} (3.20)

T‘ESFI TESJMF/ 7‘657’1“/

with s, = ¢, for each r in SS)F and s, > t, for each r in Sf)r Together with (3.19), it follows
that (3.18) does not hold. Therefore, the polynomial in I defined in (3.20) which is indexed by

b,

f@= 11 W)= 11 W) T ()

T‘ESF/ T‘GS_,'_’F/ T’GS_Jﬂ

is not a polynomial. Therefore, the sequence of polynomials I'" defined in (3.20) is a maximal

solution.
If Rf,)r # (), then it follows immediately from the construction in (3.20) that IV # T'. If
Rf,)r = (), then I"" # T" since

(@) = fald)([nlg)'

for each n in Ap where r is in C and s, = [ by construction. In the former case, there are infinitely
many choices for s, such that s, > ¢, for each r in Rf)r In the latter case, there are infinitely

many choices for the integer [. Thus the proof of Lemma 3.9 is complete. ]
The proof of Theorem 2.2 is therefore complete. O]
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