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1 Introduction

The paper is a continuation of [1, 2, 3]. In 2011, Atanassov [3] proved: For each natural number
n > 1, the inequality

n2n < ϕ(n)ϕ(n)ψ(n)ψ(n)

holds (See [4] for ϕ and ψ). Our aim in this paper is to prove the following theorem. Let

µ(n) =
1

2

∏
p|n

(
1− 1

p

)
+
∏
p|n

(
1 +

1

p

) .

Then it is clear that for n = pa11 ...p
ak
k with distinct primes p1, ...,pk and positive integers a1, ...,

ak, we get

µ(n) = 1 +
∑
i1 6=i2

1

pi1pi2
+

∑
i1, i2, i3, i4
distinct

1

pi1pi2pi3pi4
+ ... (1)

Theorem 1. For each natural number n > 1, the inequality

ϕ(n)ϕ(n)ψ(n)ψ(n) ≥ n2nµ(n).

holds.

By (1), µ(n) > 1. Then, we have the following result from Theorem 1.
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Corollary 1. For each natural number n > 1, we have

ϕ(n)ϕ(n)ψ(n)ψ(n) ≥ n2n.

2 Proof of Theorem 1

By the definition of ϕ and ψ, we have

ϕ(n)log(ϕ(n)) = (n log n)
∏
p|n

(
1− 1

p

)
+ n

∏
p|n

(
1− 1

p

)∑
p|n

log

(
1− 1

p

)
(2)

and

ψ(n)log(ψ(n)) = (n log n)
∏
p|n

(
1 +

1

p

)
+ n

∏
p|n

(
1 +

1

p

)∑
p|n

log

(
1 +

1

p

)
. (3)

Next we shall find the value of

S = ϕ(n)log(ϕ(n)) + ψ(n)log(ψ(n)).

From (2) and (3), we have

S = 2µn log n+ n

∏
p|n

(
1− 1

p

)∑
p|n

log

(
1− 1

p

)
+
∏
p|n

(
1 +

1

p

)∑
p|n

log

(
1 +

1

p

) .
We have ∏

p|n

(
1 +

1

p

)
≥
∏
p|n

(
1− 1

p

)
.

Hence ∑
p|n

ln

(
1 +

1

p

)
≥ 0 ≥

∑
p|n

ln

(
1− 1

p

)
and ∏

p|n

(
1 +

1

p

)∑
p|n

ln

(
1 +

1

p

)
≥ 0 ≥

∏
p|n

(
1− 1

p

)∑
p|n

ln

(
1− 1

p

)
.

For every prime p

ln

(
1 +

1

p

)
+ ln

(
1− 1

p

)
= ln

p+ 1

p− 1
> 0.

Hence ∑
p|n

ln

(
1 +

1

p

)
> |
∑
p|n

ln

(
1− 1

p

)
|.
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Therefore,∏
p|n

(
1 +

1

p

)∑
p|n

ln

(
1 +

1

p

)
≥
∏
p|n

(
1− 1

p

)∑
p|n

ln

(
1− 1

p

)
≥ 0.

From this, we have

ϕ(n)log(ϕ(n)) + ψ(n)log(ψ(n)) ≥ 2nµ(n) log n,

This implies that
ϕ(n)ϕ(n)ψ(n)ψ(n) ≥ n2nµ(n).

This proves the theorem.

Acknowledgement

We are very happy to bring it to your kind notice that Prof. S. Subburam has made significant
contribution towards making this paper a worthy one.

References

[1] Atanassov, K. Note on ϕ, ψ and σ- functions, Notes on Number Theory and Discrete Math-
ematics, Vol. 12, 2006, No. 4, 23–24.

[2] Atanassov, K. Note on ϕ, ψ and σ- functions. Part 2, Notes on Number Theory and Discrete
Mathematics, Vol. 16, 2010, No. 3, 25–28.

[3] Atanassov, K. Note on ϕ, ψ and σ- functions. Part 3, Notes on Number Theory and Discrete
Mathematics, Vol. 17, 2011, No. 3, 13–14.

[4] Nagell, T. Introduction to Number Theory, John Wiley & Sons, New York, 1950.

21


