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1 Introduction and Main results

For a positive integer k and arbitrary integer h, the classical Dedekind sum S(h, k) is defined by
“((a ah
h,k) = = —
() (&)

X—[X]—l if Xis not an integer
()= 2’ ’

where

0, if Xis an integer,

and [X] is the integral part of X.

This sum was first studied by Dedekind because of the prominent role it plays in the
transformation theory of the Dedekind n-function, which is a modular form of weight 1/2 for
the full modular group SL,(Z). One of the most famous properties of the Dedekind sum is the

reciprocity formula
h+k>+1 1
S(h,k)+S(k,h)y=———-——, (h,k)=1.
K+ =—o—=7. (LK)

H. Walum [1] has shown that for prime K,

SIsthlf ==X 3 Lt
h=1 ’ 7[4 (/7(k) ymodk ’ ’

z(-D)=-1
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where ¢(K) is the Euler function and L(sS, y) denotes the Dirichlet L-function corresponding
to ymodk. J. B. Conrey, E. Fransen, R. Klein and C. Scott [2] studied the mean value of

Dedekind sums and proved the following:

Proposition 1.1. Suppose that m is a given positive integer and k is any sufficiently large
integer. Then,

K 2m
> 'S™M(hk) = f,(k) (%j +O((K”® + k>™ ™Dy g k)
h=1

where f_ (k) isdefined by the Dirichlet series

s fu(k) _ £*(2m) {(s+4m-1)

27 cam) Csezm) ©

£ (s) is the Riemann zeta function and X' denotes the summation over all integers that are
coprimewith k.

C. Jia [3] improved the error terms in Proposition 1.1. In the spirit of [2] and [4],
W. Zhang [5] used an estimate for character sums to prove the following:

Proposition 1.2. Suppose that p is any sufficiently large prime number and n is any positive
integer. Then, fork = p", we have

k., 5k* (p* =1)? 3logk

IREG z—%m(kexp[—gﬁ

= 144 p(p’ -1) loglogk
where the O -constant is absolute.

Let ¢ and d be an integers, ¢ > 0. The Hardy sums, which are usually regarded analogues
to the classical Dedekind sums, are defined by

H(d,c)= Y (~1)"""97,
i=1

Z. Xu and W. Zhang [6] studied the mean value

> Y H(2ab, p)

asp/4b<p/4
for any prime p=5, and gave some sharp asymptotic formulae.
How about the mean value of S(h,k) when h runs through an interval [1, k], 1 €(0,1)?

It seems difficult to obtain an asymptotic formula even in cases such as A=1/2 or1/4. Here we

study the better behaved mean value:

> Y 'S(ab,k), (1.1)
a<k/2 b<k/2
> Y 'S(abk), (1.2)

ask/4 b<k/4

where bb= I(mod k).
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The main purpose of this paper is using the mean values of Dirichlet L-functions and
estimates for character sums to study the mean values of Dedekind sums of the types (1.1) and
(1.2). Namely, we have the followings

Theorem 1.3. Let pbean odd prime, k= p“, @ >1. Then we have

' ' N 1 2 (p2 — 1)2 I+e
DD S(abk)y=—k —; . +0O(K'"*?).
a<k/2 b<k/2 16 (p"+1)(p +p+1)

Theorem 1.4. Let pbean odd prime, k= p“, @ >1. Then we have

3k (P’ +1)(p* —D(p-1) e
S bk = +0O(k™).
a<zk/4 b<zk/4 (e = 64 (p*+1)(p*+p*+1) (k)

Taking k= p as a prime in Theorem 1.3 and Theorem 1.4, respectively, then we have the
following:

Corollary 1.5. Let p bean odd prime. Then we have
— 1
Y. Y S(ab, p) =12 P +O(P"™).
a<p/2b<p/2
Corollary 1.6. Let p>5 bea prime. Then we have
N 3 2 l+e
Y. 2 S(@h, p) ==, P +O(p™).
as<p/4b<p/4

In fact, in his doctorial thesis, Z. Xu obtained the result in Corollary 1.6 by analytic
method, and it not very easy to obtain Theorem 1.3 and Theorem 1.4 by his approach. Our
proof here seems to be effective and more elementary.

2 Lemmas

To complete the proofs of the theorems, we need the following lemmas.

Lemma 2.1. Let k>3 be an integer and (h,k) =1. Then

1 d?
hK) = —— hy[L(1, ) .
S(h,k) ﬂzkdz‘k(p(d)lmé 2| L(L »)|

2(=D)=-1

Proof. See[5].

Lemma 2.2. Let k be an odd integer, and y denote a Dirichlet character modulo k with
y(—=1)=-1. Then,

Y@= g, (k23) @1
a<k/2 a<k
Zz(a)—lm) 72~ 2 ar(a), (k=5) 2.2)
a<k/4 a<k
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—7(4)+37(2) -2
S rarkia) =TI @) (k29 2.3)

a<k/4 a<k

Proof. The proofs of (2.1) and (2.2) can be found in [6] and [7]. And (2.3) follows immediately
from (2.1) and (2.2).

Lemma 2.3. Let p be an odd prime, k= p“ «>1. Then, for any d |k, d >1, ymodd with

y(—=1)=-1, we have

2 2

> x@ .

a<k/2

%(5 —27(2)-222) > ax(@)

a<d

Proof. For any d |k,d >1, ymodd with y(—1)=-1, we have

> ox(@= ) > (@)

a<k/2 0<n<k/d-1 nd/2<a<(n+1)d/2

= > > x(a+nd/2)

0<n<k/d-1 a<d/2

= > D @t > > x(a+d/2)

0<n<k/d-1 a<d/2 0<n<k/d-1 a<d/2
n even n odd

- Y Y@+ Y Y xd-a)
0<n<k/d-1 a<d/2 0<n<k/d-1 a<d/2
n even n odd

- Y Yi@- Y ¥ @
0<n<k/d-1 a<d/2 0<n<k/d-1 a<d/2
n even n odd

Since pis an odd prime, then k/d is odd, thus

> x@=> xa.

a<k/2 a<d/2

By Lemma 2.2, we have

2 2
> 2@ =D x(@
as<k/2 a<d/2
=[EEE2 Y ax(a)
d a<d
1 . 2
=5 (5-22-222) 2 ar(@) -
Then, the lemma is proved. a

Lemma 2.4. Let p be an odd prime, k= p“,a>1. Then for any d |k, d >1, ymodd with

y(=1)=-1, we have

2
0

4d?

2
>

> x(@

a<k/4

> ax(a)

a<d

where
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5_16- 47(8) =244+ x(2)+ 2(2),  if p=1(mod4)or p=3(mod4),k/d =1(mod4),
14+27(4)+21(4)-97(2)-9x(2),if p=3(mod4),k/d =3(mod 4).

Proof. Forany d|k,d>1, ymodd with y(—1)=-1, we have

@@= ) > 2@

as<k/4 0<n<k/d-1 nd/4<a<(n+l)d/4

= > ) x(a+nd/4)

0<n<k/d-1 a<d/4

= > D@+ Y D x(a+d/4)

0<n<k/d-1 a<d/4 0<n<k/d-1 a<d/4
n=0(mod4) n=1(mod4)
+ > Y x@+d/2+ > > y(a+3d/4)
0<n<k/d-1 a<d/4 0<n<k/d-1 a<d/4
n=2(mod4) n=3(mod4)
Since
D> x(@+d/2)= > y(Bd/4-a)= ) y(-d/4-a)=-) x(a+d/4)
a<d/4 a<d/4 a<d/4 a<d/4
=Y yd-a)= ) y(-a)=-> x(a)
a<d/4 a<d/4 a<d/4
thus
Yox@=¢ ) x(@+e ), x(a+d/4),
a<k/4 a<d/4 a<d/4
where

&= z 1 z 1,

0<n<k/d-1 0<n<k/d-1
n=0(mod4) n=3(mod4)

&= >, 1_ > 1
0<n<k/d-1 0<n<k/d-1
n=1(mod4) n=2(mod4)

Now we need to determine the values of ¢, and ¢,:

If p=1(mod4), then for any $>0, we have p°®=I1(mod4). If p=3(mod4), then for any
s> 0, we have
s |l (mod4), if s=0 (mod2),
B {3 (mod4), if s=1(mod2).

Thus if p=1(mod4), then k/d =1(mod4), so &=1, &=0. If p=3(mod4), then

{(1,0), ifk/d =1 (mod 4),
(81982)2 .
(0,1), ifk/d =3 (mod4).

Hence, the problem can be divided into two cases :
(i)p=1(mod4)or p=3(mod4),k/d =1(mod4),
(ii))p =3(mod 4), k/d = 3(mod 4).

So
> x(a), if the case (i) holds,
a<d/4
a)= (2.4)
agzk/( > x(a+d/4), if the case (ii) holds.
a<d/4
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Combining Lemma 2.2 and (2.4), we have

MZ ay(a), ifthe case (i) holds,
2d a=d
dx@=y — T _
ask/4 —y@)+3x(2)-2

> ay(a), if the case (ii) holds,
2d a<d

from which one can obtain that in the case (i),

> 2@

a<k/4 ‘

13- z(z) 25 |

a<d

2

> az@)| ,

= (6-22- 229+ 20+ 1)

and in the case (ii),

> 2@

a<k/4

|- z(4)+3z<2) 25 0y @l

a<d

2

> az@)| .

a<d

1 — _
— 7 (14219 + 2249 -97(2) -9, )

This completes the proof of Lemma 2.4. O

Lemma2.5. Let y be aprimitive character modulo q with y(—1)=-1. Then we have

—Z ay(a)= —T(Z)L(L )

a<q

q .
where 7(y) = z;((a)e(%] is the Gauss sum, e(y)=e€&"".

a=1

Proof. This can be easily deduced from Theorems 12.11 and 12.20 of [8]. O

Lemma2.6. Let p be an odd prime and & >0, = p“, m>0. The we have

_@m+57* L, (p-D'(p+1)’

O 3+¢ )
72.2™! p*(p° +1) @)

> @M

ymodq
Z(-D=-1

> a;((a)

a<q

Proof. For each y modq (q arbitrary), it is clear that there exists one and only one d | q with a
unique primitive character y,modd, such that y = y,7°, where y’ denotes the principal

character mod (. We have

> ax(a)

a<q

> ML)

xymodq
Z(=D=-1

2

> axr'(@),

a<q

=3 Y en|u )|
LR

65



where X denotes the summation over all primitive characters mod d. Since q= p“,d|q, then

for any integer a, (a,q) =1 is equivalent to (a,d)=1. Thus,

> az(a

a<q

> x@MILA )|

ymodq
Z(-1)=-1

3 a;((a)z (2.5)

a<q

=3 > e )l

dlqg ymodd
Z(=)=—1

=q Zdz > x@MILd p)|

diq ymodd
7 (=1)=-1

day@) .

a<d

From (2.5), Lemma 2.5 and the identity |'[( ;()| =./d, for a primitive character y mod d, we

have

> az(a)

a<q

> x@|L

ymodq
2(=D=-1

=%Z > @)L of [ )| (2.6)

d|g ymodd
Z(-D=-1

LS T emiia )

dlg ymodd
z(=DH=-1

In [4], it is proved that for any integer m>0,
m Gm+57" )y .
22M(LA ) mr—J(Q) O(q°), 2.7)
Zq Lo == g H P (p

Z(-D=-1
where J(q) = z /u(d)go( jdenotes the number of primitive characters modulo g.

diq
From (2.6) and (2.7) one can obtain that

S e g Z ((3;;227 " )H (p o )J

xmodq diq pid
Z(=D=-1
3m+5 e
BT 5 Joll5rp (p o(a™)
72-2 dq pid
GBm+57z° , (p-D° (I0+1) 3ie
= O :
72-2™ p'(p’+1) Hoa)
Then the lemma is proved. O

3  Proof of theorems

In this section, we complete the proofs of Theorem 1.3 and Theorem 1.4. Applying Lemma
2.1, Lemma 2.3, Lemma 2.5 and Lemma 2.6, we have
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> Y S(abk)= 3 x@La )

a<k/2 bsk/2 a<k/2 b<k/2 dlk ¢(d)1modd

7(-D=-1
1 d?
- nZkg(p(d)Zn;dd

x(=D=-1

> 2@

a<k/2

L, )

> ax(a)

a<d

1 1 2
L, 5-4x(2
R o), 2, MG G422

Z2(=D=-1
Lo (-1

=—Kk O(k").
16 (p2+1)(p2+p+1)+( )

Now we turn to prove Theorem 1.4. Applying Lemma 2.1, we can obtain that

' ' - 1 d2 * 2 ’

E E S(ab, k) = E E E a)l .

a<k/4 b<k/4 ( ) 7’k dk (D(d)zénolc)ld 1 a<k/4 )
X(=)==

)|

If p=1(mod4), then

> > 'S(ab,k)
a<k/4 b<k/4

2

1 1 . 2 = —
) ﬁ(% 2 6223270+ 72)+ 72| T ax@
:ikZ (p2 _21)2 +O(kl+£).

64 (p*+1)(p +p+1)

Suppose k/d=p®(s>0). If p = 3(mod 4), then k/d = 1(mod 4) is equivalent to S= 0(mod 2),
k/d = 3(mod 4) and is equivalent to S= 1(mod 2), Thus,

a2 : ’
Y S@hk-— Y Y Lol [ Y 2@
a<k/4 b<k/4 7’k dik ¢(d);(modd a<k/4
k/d=1(mod4) 2 (=1)=-1
Y LS af Zz(a)z
72.2k dk qj(d);(modd ’ a<k/4

k/d=3(mod4) 2 (-1)=-1
1 3
=2+

where X' denotes the summation over all divisors d of k with k/d = i(mod 4).
Since

a-1

d4 — 4a 4s [ 2 } 40: 8s k3 p7

dzm:co(d): dzk: co(d) s_zo:co(p“) g‘)(ﬂ(p“s) (P-D(p° D)

k/d=1(mod4) Seven

O(),

23 d4 _ Z d4 :afl p4a74s =[‘;} p4a+478s _ k3p4 .
% o(d) ax o) Ss=c?d(/7(pa_s) Se(p” %) (p-1(p°-1)

k/d=3(mod4)

O(1),

67



thus
2

L(L )| (6-22(4)=27(#)+ 2(2)+ 2(2))

> ay(a)

a<d

R G ,
z 47z2k; (o(d)lm%“d

Z(=D=-1

3 (p_1)4(p+1)2 1 d* l+e
= Ok

o PP % g Ok
_H PP DD ey

64 (p*+1)(p*+p*+1) ’

ol s 1 ,
Z 47z2k; go(d)ﬂ%

z2(=D=-1

2

L(L ) (14+22(4) +22(4)-92(2)-92(2))

> ay(a)

a<d

3 (p-D(p+])’ <, d Les
=— Ok
a P % p@ o)

=3k2 (p’-1)(p-1) O(k™*)
64 (p*+1)(p*+p°+1) '

So we have

_ 2 3 2 _
z ! z 'S(ab, k) — 3k (p 2+ 1)(p - 1)(2p 1) +O(kl+5).
a<k/4 b<k/4 64 (p +I)(p" +p° +1)

This completes the proofs of the theorems. O
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