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Abstract: In 2017, Bing He investigated arithmetic properties to obtain various basic
congruences modulo a prime for several alternating sums involving harmonic numbers and
binomial coefficients. In this paper we study how we can obtain more congruences modulo a
power of a prime number p (super congruences) in the ring of p-integer Z,, involving binomial
coefficients and generalized harmonic numbers.
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1 Introduction

In this paper we study how we can obtain more interesting congruences modulo a power of a
prime number p (super congruences) in the ring of p-integer Z,, involving binomial coefficients,
harmonic numbers and generalized harmonic numbers. Many great mathematicians have been
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interested to study congruences of sums concerning harmonic nummber and binomial coefficients
such the work of Gould [4], Dilsher [2], Prodinger [10], Choi and Srivastava [1], Sun [13],
Mestrovi¢ and Andji [8], Wang [15] and other, in our work we are interested to find closed
expressions for the sums of the form

S0 ()

k=1

and congruences of the form

WS

(5]

2221; (1)1 E (p; 1) Hy (mod p*), (1) R (p; 1) Hy (mod %)

k=1
and

p—1
-1
ST (L (”pk )Hk,m (mod '), 7 € {2,3,4}

k=1
for some values of [, m, where H,, ,,, to be the n-th generalized harmonic number defined by

1 1
Hy=0, Hypm=1+7+- -+ —.
2m nm
We denote
S B q (_1)k n
k=1
The sequence (S (n, ¢, m)) satisfies
S(n7qam_1) - (n+1)5(n7Q7m)_ns(n_LQam)v (1)
qn
S 0) = (-1)7= 2
a0 = (7 2("), @
1 n
S 1) = —1)7 -1 3
) = (0 (1) 1), ®
1 n
= ' -1)—-1]. 4
S (n,q,m) n+1<;S(37q,m ) ) )
In 2017, He [5] established the following congruences:
Theorem 1.1 ([5]). Let p > 3 be a prime number. We have
> p—1 1
(—1)’“rl ( I >Hk73 = ?po,g (mod p2) ,
k=0
> p—1 1
(—1)’“rl ( I >Hk72 = gpQBp_g (mod p?’) ,

Eod

=0

where B,, is the n-th Bernoulli number defined by



Motivated by the above work of He [5], we establish in this paper the following results.

Theorem 1.2. Let p > 3 be a prime, n be a positive integer and m, | be nonegative integers such
m—1€{2,3,---,p—2}.Then

-1
(—1)F+! ((np 1Ry (k+1) + kl“) (”pk >H,€,m )
k=0
1
= (n -1+ m) pofm+l (l’l’lOd p2) .
In particular, for | =0,p > 3 andm € {2,...,p — 2} we get
G np—1 1
(—1)FH ( p >Hk7m =_ (n —1+ —) pB,_ (mod p®), (6)
p k m
and for | = 1 we get
. np —1
k )
k=0
(7)
s (n—1+2L)pB,_, (modp?) ifm odd,
—3(n—14 =5) pBpy1-n (mod p®) if m even.
Theorem 1.3. Let p > 3 be a prime and m be a integer with m € {1, cee ’%3} . We have
p—1
-1 A(m,n)
(P T Hyg = Y 2B (mod pP 8
ko( ) < e k,2 2(2m—|—1)p p—1—2 (mo p), (8
where

A(m,n)=(m+1)2m+1Dn*+(m+1)2m—1)n—2m©2m +1).

Remark 1. Form = 3 and n = 1 in (6) we obtain the congruence (1.2) given in [5, Theorem 1.2],
and, for m = 1 and n = 1 in (8) we obtain the congruence (1.1) given in [5].

Theorem 1.4. Let p be a prime number and n be a positive integer. Then
1) if p > 5, we have

i -1 1 3 1
k(P H, = - = ~q - =
]?1 (=1) ( I k 2= + 502 +q2 5)P

14, 1, 1 7 9 3
+(§q2+§%+%—§+ﬂ p—s)p (mod p*)
2) if p=1(mod 3), we have
N np—1
(_1)k+1 ( A >Hk
k=1

1 3n—1 n+1 2n—1 1 1
= (CJ3—§)+( 5 q32,+ 5 qs — 3 +§Bp2(§))p(m0dp2)
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and if p = 2 (mod 3), we have
ki1 (np—1
(1) L ) He
1

2 /3n-1, n-1 dn—1 1 1 )
= —qz3— - — — ——B, 5| = d
913 3+( g BT Ty B 3 187 2(3)>p (mod p°)

where q, is the quotient of Fermat base a defined for a given prime number p by

aP~t —1
qw=%@%:——?—n a € Z—pl,

and { B, ()} is the sequence of Bernoulli polynomials defined by

n—1
B, (z) = Z (Z) Bzt n>1.

k=0

-2

MRt

HTT

The next theorem is a generalization of Theorem 1.1 given [5].

Theorem 1.5. Let p > 5 be a prime number. We have

()

1
By, B, By, B,

= IR Yot R [ R (i ) R A WX (mod p*) .
2p—4 p—3 2p—4 p—3

-1

=

x>

Y

Corollary 1.5.1. Let p > 5 be a prime number and n be a positive integer with n Z 0 (mod p) .

We have

p

5 (D= (1 (121)) ot

2 Basic tools to prove the main theorems

In order to prove the main Theorems, we need some auxiliary results given by the following

Lemmas.

Lemma 2.1 ([11, Th. 5.1, Cor. 5.1]). Let p > 3 be a prime. Then, for m € {1,3,...
being an odd number, we have
m(m+1) By o

1 _ 2 3
Emo 2 p—2—mp (modp),

In particular, form € {1,2,...,p — 2}, we have

7p_4}

€))

(10)

(11)



Lemma 2.2 ([13, Lem. 3.1]). Let n and [ be positive integers with | < n — 1, and let p > n be a
prime number. Then

U (mp d if n odd
p—1 n (l) p—n (mo p)> lf?’LO ’
Hy,
kn_’l = (12)
aice (- (<) 32(11) (mods?), ifn even.
Lemma 2.3 ([11, Th. 5.2]). Let p > 3 be a prime number. Then
< 1 2 7 1
—=-2 s — =p*qs — —=p°B, o | = dp?). 13
’;k G2 + P4y = 302 = T3P <3) (mod p*) (13)
Lemma 2.4. Let p be an odd prime number. Then, forn € {1,2,...,p — 2} we have
p—1
H
k—: —1—n (mod p) (14)
k=1
and forn € {1,2, ce ’%3} we have
p—1 9
H
> kT’jl = B, 1 2, (mod p). (15)
k=1

Proof. If n is even, we set n = 2m and [ = 1 in relation (12), and if n is odd, we use the fact that

H, ,=H, 1 — Hyy = —Hyj_; (mod p) to get

= H, B — Hyr _ N Hy L S Hy, — 1 . -~ Hy, N 1
Tn (p _ k)" = ko ko Tn fn+1’
k=1 k=1 k=1 k=1 k=1 k=1

then

p—1 p—1 9
l% o Hp—k
2n—1 In—1
k=1 k k=1 (p - k)
1 1\
= Z L2n—1 Hy — 7
k=1
p—1 H
k
- _Zan 1+2Zl€2n p—1,2n (mOdp)
k=1
so, we get
p—1 H
k
QZ k2n 1= T2n Hp 190 = 2B, 1_9, (modp),
k=1
which completes the proof. -
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Lemma 2.5. Let p be a prime number and let k € {1,2,....p} . Then, for any integer n > 1, we
have

np—1 -~ n2p?
(kp_ . ) = (_1)k 1 (1 —npHp_ 1 + - 2p (H,?_l — Hklz)) (modp3) _ (16)
Reducing the modulus in this congruence we get
np — 1 _
< ]f_ 1 ) = (—1)k ' (1 —npHy_1) (modpz) . (17)

Proof. As of the proofs given [8, Lem. 2.3], we have

(np—l) _ (mp=1)(p—2)---(np—3)---(np— (k1))
k—1 125 (k—1)

)(%‘Q"'(%‘Q"'(k?l_l)
_ (_1)’H<1_$> (1_%)..(1_%)...(1_];?1)
(1—npk_1%+n2p2 > %)
(

Il
|
—_
~—
Ea
L

=1 1<i<j<k—1
2,2
1— ank,1 + T (lefl — Hkl,Q)) (mod p3) . O

Il
|
—_
~—
a
L

Lemma 2.6. Let

—_

p—

o B B B (—1)k np — 1
Sn,p,m = S(np 1,p 1,m) = 1 o ko1 .

i

Then, if m € {1,2,...,p — 3} , we obtain

m
Sn,p,m =0 (mOd p) and Sn,p,m = (n — m——H_> poflfm (mOd pz) , (18)
and, if m € {1,2, - 1%3} , we obtain
jj(n17n) 2 3
Sn m— = ———~ B —1—-2m d 5 19

where T (m,n) = 2m+1)(m—1)n*+ (2m —1)(m+1)n—2m (2m — 1) .

Proof. In view of the congruence (17) we have

p—1
1 (np—1

_ Z 1-— ank,1
= o
k=1
p—1 p—1 1
1 H,—1
- Y
k=1 =1
p—1 p—1 p—1
1 H, 1 )
= —Zk—m+np< Tm ka) (modp),
k=1 k=1 k=1

using the relations of congruences (10), (11) and (14) the proof of (18) is complete.
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The congruence (9) gives

—_

— 1 (2m—1)m2B 2m — 1

— 2 3
T = a1 Dot = g P By (mody?) (20)

B
Il

1

and by using the above congruences and the congruences (10), (11), (14), (15) and (16) we get

r! [ np—1
Sn,p,2mfl = <_1) W E_1
2,2

1
Zk2m (1_ank 1+Tp(H£ 1 — Hy 12))

k=1
—1 —1 -1
_ S Hk: 1 ”2192 \ Hl?—l \ Hy 19
- Z L2m - E2m-1 L2m—1
k=1 k=1 k=1
S S ()
- Z L2m 9 Z p2m-1 f2m—1
k=1 k=1 k=1
Gk | o X2
- L2m—1 +np pam—1 L2m
k=1 k=1 k=1
o [/p-1 2 p—1 p—1 p—1
H H 1 H
(S S S e - S )
2 k?m 1 k?m k?m—i—l k?m 1
— k=1 k=1 =
2m—1 , 1+ 3m — 2m? 2m
= B —2m— B —2m—-1 — —1-2m
U 1+np( 2@m+ 1) PDBp-2m-1 = 5 +1pp12)
n2p? ,
- 2 (Bp—Qm—l - 2Bp—l—?m + me—l—Qm) (mOdp ) )
and this is the congruence (19). [
Lemma 2.7. Let p > 3 be a prime number. Then
5]
1 p 1 3 3 9
E = _éLng—2 <§) - §Q3 + qug (modp ) ) (21)
where Lr is Legendre symbol defined by
1 if p=1(mod3),
Lr = .
3 —1 if p=2(mod 3).
Proof. We have
CI _% p+ 3k _% p+3k -1 Hp—l—?)k
_ - _ - 2_09L2 o 2
—p 3k p (p — 3k) (p+ 3k) —p 9k 9 — k
ie.
H 1 » (5] 1 1 (5] 1 ( | 2)
= —= — — = — (mo
p—3k 92«12 3Z4% P
k=1 k=1 k=1



and by the relation 42 given in [7] and Theorem 3.3 given in [12] we obtain

So, we may state —% % = ﬂLng_g (%) + %qg = ipqg (mod p?) .

Theorem 2.8. For m,l,n > 1, q > 1 be integers we have

Xq: (—1)*! ((n —k)(k+1) + kl“) (Z) Hi,m

k=0

— (—1)q+1 (n—q)(qg+ 1)l (Z) Hym—nS(n—1,qm—1).

In particular, for | = 0,1 we get

S0 (1) H = (07 00 0) () 05 0 100m),

k=0
q

S (1" (nk 1 - k) (Z) Hyn =

k=0

(=)™ (n = g) (g + 1) (Z) Hyp — S (n— 1, q.m — 1),

for q = n we get

Zn: (—1)F! <(n — k) (k+1) + klﬂ) (Z) Him=-nS(n—1nm-—1I).

k=0

and form = 1 andl = 0 or 1 we get

n;(—l)kﬂ (Z) H, = (1) (n—g) (Z) <Hq + %) +1and

k=0

Proof. We proceed as follows

n
(_1)‘1 ql+1Hq,m (q)

k=0 k=0
qg—1 q—1
k=0 k=0

46

Zq:(—l)’fﬂk(Z)Hk _ (eq)et %(Z) <qu T %) _ nil'

(22)

(23)

(24)



=S " (=D)"(n—k) (k+1) (”) <Hk,m + ﬁ) + qi (=)t g (Z) H,m

k=0 k k=0
-1
_ - (_1)k+1 ( ]{7) (k} + 1 (TL) Hkm + Z k:+1 L]{;l (n)
—~ k (k+1)""\k
q—1

+ (_1>k+1 kl-i—l <Z> Hk,m
0

q—1
. k:—i—l 1\ (T I<:+1 k n
_k:() ( ) (k+ 1) + & >(1<;)H’“m+z —k+1)ml(k>
q_l k—i—l I+1 n 1 kn—k—i—l n
_ ( Y (k+1) +k ) o Hen + > ()= (L
k:O k=1
-1
B q k;+1 ( ) (k + 1 l{:l+1> (Z) Him
k:D

+(n+1)S(n,gm—10)—S(n,qgm-—1-1)
=37 (—1)EH ((n— k) (k + 1) +/<:l+1> (Z) Him +nS(n—1,q,m—1). O

Remark 2. In Theorem 2.8, if ¢ = n, we get the known identity (see, for example [1,2,4]). For

- k41 (T _l
> (-1 (k)Hk = 25)

k=1

m = 1 we have

and for m = 2 we have
- H,
)R (M) Hyy = - 26
; (1) (k k.2 " (26)
Also, for ¢ = n and [ = m or m — 1 in Theorem 2.8 we have

n

S =D (= k) (k+ D)™ + k" (Z) Him = 0,

Z D" (n—k) (k+ 1™+ k™) (Z) Him = 1.

k=0

3 Proofs of the main theorems

Proof of Theorem 1.2. For ¢ = p — 1 and n := np — 1 in the identity (22) we get

- 1
k 1 ( —-1- k:) (k + 1)l + k;l+1> (npk ) Hk,
k=0

np —1
= (_l)p (n_ 1)pl+1<pp_ 1 )le,m o (np— 1)S(np_27p_ 17m_ l>7

-1

“B

and since H,_1 ,, = 0 (mod p) we obtain
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-1

bS]

0 (= 1= w0 1) (7 A

(np—l)S(np—Qp 1I,m—1) (modp)

R‘

So, for ¢ = p — 1 and n := np — 1 in the recurrence relation (1) and by using the congruence
(18), we get

= npSmp—Lp—1m—-0)—-Smp—1,p—1,m—-101-1)
= npSn,p,m—l - Sn,p,m—l—l

= _Sn,p,mflfl

1
= (n -1+ —l) ) E— (mod p2) )

Hence

(1M (p = 1= B) (k1) + K4 (”pk_ 1) Hym

k=0

1
= <n -1 + m) po—m—H (mOd p2) )

which is the congruence ().
For [ = 0 in the congruence (5) we get

p—1
-1 1
=) (M Y= (=14 L) 0B (moar?), @

=1

and since —— = —1 — np (mod p?) , the congruence (6) follows.
For/=1in the congruence (5) we get

p—1 p—1
1 1
(np - 2)2(—1)’““%(”% )Hkm (p—1) Y (-1 ( . )Hk,m
k=1 k=1
1
= (n -1+ m) pofm+1 (mOd p2) )

and by the congruence (27) and the congruence

the congruence (7) follows. [
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Proof of Theorem 1.3. From the relations (23), (10), (18) and (19) we get

. np — 1
=13 0 ()

0
np—1

= —(n—l)p<p_1)Hp172m—(np—1)S(np—2,p—1,2m)
= _(n_1>pHp71,2m_(np—l)S(np_27p_172m>
- = (n - 1) pHp—l,?m - npSn,p,Qm + Sn,p,2m—1

2mp’ 2 2m P’ Byp_1-om
= —(n—1 By 1 om — — B, 1o — T (m,n) L2p=1=2m

(0= 1) g1 Brmtmem — 1 (" 2m+1) p1-2 () S o+ 1)

<—n2 N —4dm (n— 1) +4nm — T (m,n)

2B——m d3
2(2m+1) )p p—1-2 (mO p)7

and since 1

np —1

=—1—np—n?p’ (mod p3) ,
the proof of theorem is complete. [

Proof of Theorem 1.4. 1) If we let ¢ = p%l and n = p — 1 in relation (24), we have then

p—1

? k1 p—1 __l &t p—1 1 1
Z( 1) < . )Hk_ 2( 1) (]%1)<Hpgl+p_1 +p_1,

k=1

using the known congruence obtained by Morley [9]

G;ﬁzenvv*:ewfuw@Qmwm,

and the congruence
1
F = —1 —p—p2 (modp3> s
and the relations (13), (24) we have

(—1)F (p . 1)Hk
7

2 1 1 1
= —(1 2 =2 2 — ¥ — —p*By s | = 3
5 ( +pQ2)( @ Pl =3P P B (3 ) 4 0 +p_1(m0dp),

p—1

v ‘

ol
—

—_

the proof is complete.
2)a)Fork —1= [g] the relation (17) becomes

(")
5]
and since H[E] = —%qg (mod p) (see [3]) we obtain

("P[p_} 1> = (—1)l5l <1 + gnpq?,) (mod p?).

3

(—1)[§] (1 - an[§]> (mod p) ,
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For p = 1 (mod 3) we use the congruence

L 2
np—lz_l_np (mod p?) ,

and the relations (21), (24) to obtain

np—1
1
3 el (np—1) [—p 1 3 3 1 1
— 1 = 3 —B, - = e 2
(+2”pQ3) np — 1 (6 “(3) 2q3+4pq3+np—1)+np—1

1 3 1 n+1 2 1 1 1
(oD et () o

b) The other congruences can be proved similarly as above. ]

1

s
ol |

B
Il

Proof of Theorem 1.5. By the relation (26) we get

1

—1 H,_
(_1)k+1 (p k )]{k72 — p 1’
1

using the congruence of Remark 5.1 given in [11]

By B,_3
H . =_ 14 -9 p 2 d4
e (B o)

hS]

k=

and the congruence
—=—1—p—p* = (modp4), (28)

the proof is complete. O
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