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1 Introduction

The purpose of this paper is to extend a theorem of Ramanujan to develop associated cubic
equations with an algorithm for their solution. In particular, the motivation is to compute
Ramanujan-type identities. The Ramanujan’s theorem is enunciated in Section 1. By utilizing
Ramanujan’s theorem and Cardano’s formula a number of Ramanujan-type identities are listed.
The main results are then established in three theorems in Section 2. Section 3 describes an
efficient and effective algorithm for finding the real root of an associated Ramanujan cubic,
while Section 4 illustrates the algorithm applied to examples arising in the preceding sections.
Section 5 analyzes the two algorithms which are compared in the paper. Section 6 provides further
propositions which incidentally contain particular second and third order recurrence relations. It
is interesting to have an explicit expression of ¢ in terms of the coefficients a and b based on which
an algorithm can be devised to determine ¢. This algorithm is more efficient than the one given
by Wang, which relies on the three roots of the cubic equation f(x).

To put these in a broader number theoretic context, these Ramanujan cubics are in turn related
to the Cardano cubics and Vieta’s formulas [10] and Padovan recurrence relations [6] which
have applications with the so-called plastic numbers [15]. The identities build on trigonometric
functions and relate to heptagonal triangles; these relate to particular cases of third order
recurrence relations [14].

Next, consider the following theorem of Ramanujan [13]:

Theorem 1.1. Let o, (3, and 7y denote the distinct roots of a cubic equation
3 —ar? +br—1=0. (D)
If a, B, and ~ are real and distinct and the cubic roots of these numbers below are real, then

Va+ B+ ¥7=va+6+3t and 2)

1 1 1
4 =+ — = Vb+6+3t, 3
Va VB )

where t is the only real root of the associated Ramanujan equation

t3—3(a+b+3)t— (ab+6(a+b)+9)=0 4)

witht # «, (3, 7.

A simple and elegant proof of Theorem 1.1 was given by Berndt and Bhargava [2]. Applying
this theorem, the following Ramanujan’s identities can be obtained [13]:

) 2 : 4 : 8 [5— 37
i/cos%—kf/cos;—l—i/cosgzs%, &)
, 2 : 4 f 8 /6 —3v/9
i/COS§+€/COS§+</COS§:_3T\/_’ (6)
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1 1 1
N . = s _ 697, (7)
{’/00827” {’/00847” 3 008877r
1 1 1 ]
+ + = —1/6 — 69 ®)

3 2T 3 4m 8m
\/COS 9 \/COS 9 COS 9

Wang [22], inspired by Ramanujan’s identities involving cosine functions, investigated similar

identities involving sine and tangent functions. By using Ramanujan’s theorem and Cardano’s
formula, he provided the following identities:

sm7—l— Sln7+ SlIl7
w7 3 3 3 3 3 3
:<_,/6_4> <\/—\/7+6+3<\/5—3\/7+\/4—3f7)>, ©

1 1 1

{fsin " {fsin &z " fsin
_ <_ @) ( 3 (V53974 Yfa- 3f>) (10)

f’/sing—l—\s/sin%er\/ :—§§/6+3(\3/6—3\‘7§+</3—3\7§>, (11)

1 1

3

* 2

\/ sin% \f”/sm?’r

) 2 ) 4

i/tan% + C/tan77T {’/
- (%) \/ U7+

1 1

,3/tan 3 tan \3/tar1877r

:<_ i/—{’/@+6+3<f/3\3/?—3€/4_9+5+{’/3\?’/7—35’/@—3>,(14)
i

3 taunzjL ’ tan4—ﬂ+<’/tan—
9 9 9

- (— \/5) y —3€/§+6+3<§/21—3<3€‘/§+€/§)—§/3+3(3V§+€’/§))

:_%i’/—e/@+6+3(€/6—3\3/§+ {"/3—36’/5),

(12)

. 14r
sin —
9
1
+
sin 1?‘)
4ol 8
an —
7

6+3<\/3\/_ 3\/_+5+\/3\/_ 3V/49 — 3) (13)

(15)
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1 1 1
+ +
\/tan % {‘/tan %r {‘/tan %r

:< ! ) 3—€/§+6+3<§/21—3(3€’/§+€/§)—§/3+3(3€/§+\3/§))

(16)

Remark 1.1. The authors note that in (15) and (16) there was a typographical error in [22]
which is presented in the correct way in this paper.

To verify the roots are of the cubic equation defined in the examples, one may use Vieta’s
formula [8]. Wang’s proof for these identities involves large amount of calculations. In particular,
his computation is based on his Theorem 1.7, which relies on computing

a BN _ (B2 Y
((5+7+a> (a+5+7))’

where o, (3, and  are the roots of 23 — ax? +bx — 1 = 0.

This paper uses the work of Liao, Saul, and Shiue [11], and Chen [5] to determine the root ¢
from the associated Ramanujan equation (4), with ¢ being the only one real root; it is proved in
Theorem 2.3. Liao et al. and Chen’s work are based on Sylvester [17]. The next theorem is a
result from [11].

Theorem 1.2. Given a polynomial equation of degree three v° +px+q = 0 (p,q # 0), with real
coefficients. Let p = —3rs and ¢ = rs(r + s). Then the three solutions to this equation are

11/ 1 1 11 1 9 1 11/ 91 1
r=—r383(r3 4+s83), —r3s3 (wrs +w"s3 |, —r3s3 (W rs +wss3 |,

—1++/3i

Moreover, ifr,s € R and r # s, then the equation has one real root and a pair of complex

where w =

conjugate roots.

We will use this theorem, combining it with Theorem 1.1, to provide an efficient method to
Wang’s results and other Ramanujan-type identities.

We present our main results in the next section. Examples are given in Section 4. An analysis
of algorithms based on Wang’s method and our method is shown in Section 3.

2 Main results

Theorem 2.1. Let f(z) = 23 —ax®> + bx — 1 =0, a,b € R, a, b not both 0. Let f(x) have three
distinct real roots o, 3, and ~y. Let t3 + pt + q = 0 be the associated Ramanujan equation, where
p=-3(a+b+3)andq= —(ab+6(a+b)+9). Then

t_</Gb+6<a+b>+9+A+§/Qb+6(a+b)+9_A an

a 2 2 ’
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where the discriminant is A* = (ab)? — 4(a® + b*) + 18ab — 27. Moreover,

Ja+/B+ Y7 =a+6+3t,

1 1 1
—+5=+—==Vb+6+3L
Proof. Using Liao et al.’s method [11], we have
—3rs=—-3(a+b+3) = rs=a+b+3, (18)
b+6 b) +9
rs(r+s)=—(ab+6(a+b)+9) = r+s:—(a +6(atb)+ ) (19)

rSs
To compute r and s, we compute  — s. Then

(r—s)Qz(r—i-s)z—élrs:(T—i)Q((ab+6(a+b)+9)2—4(a+b+3)3)

1
= e (ab)* + 12a%b + 36a” + 12ab® + 90ab + 108a + 366> + 108b + 81

— 4 (a® + 3a®b + 9a + 3ab® + 18ab + 27a + b + 9b* + 27b + 27)
1
= OF ((ab)* — 4 (a® + %) + 18ab — 27)
= (r—5)*(rs)* = (ab)® — 4 (a® + b°) + 18ab — 27.

Let A2 = (ab)? — 4(a® + %) + 18ab — 27 = (r — s)2(rs)?. Note that the discriminant of
t3 + pt + ¢ = 0 is always a perfect square. Then

A
r—s=—
TS
Hence,
2r:_ab+6(a+b)+9+é I —(ab+6(a+b)+9)—|—A,
rs rs 2
A - - A
25:_ab+6(a+b)+9__ N (ab+6(a+b)+9) .
TS rs 2
Thus,
t=—(rs)s <7’% + s%> =— (T%S% —|—7’%s%>
B </(ab+6(a+b)+9)+A N is/(ab+6(a+b)+9)—A
B 2 2 '
From Theorem 2.1, we have the second result. [l

Corollary 2.1. (Shanks Polynomial [7]) Let f(z) = 2® —ax? — (a+3)z — 1 = 0. The associated

Ramanujan equation is t> + q = 0, where ¢ = (a(a + 3) +9). Thent = —~v/a? + 3a + 9. The
roots of f(x) are

1 1 3V3 3
—la+2Va®+3a+9cos | = | arctan V3 + km if a>—=,
3 3 3+ 2a 2
1 1

—la—2va?+3a+9cos | = | arctan 3V3 + km if a< —§,
3 3 3+ 2a 2

where k = 0,2, 4. Then by Theorem 2.1, we have for a > —%, k=20,24,
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w

1
3

1 3v3 3 3 5
— 3lcos | = | arctan | —— | + k7 =2 a+6—3vVa%2+3a+9.
Z (3( <3+2a> )) \/a+2\/a2+3a+9\/

Fora < —%, k=0,2,4, we have

1 1
Z 3 <a—2\/a2+3a+9(:os (3 (arctan( 3V3 ) +k7r>>> = i/a+6—3\3/a2+3a+9

3+ 2a
1 3
:>chos = | arctan 3v3 + km = V3 {’/a+6—3\3/a2+3a+9.
3 3+2a Va—2va? +3a+9

2.

3+ 2a

1 )
<a+2\/a2+3a+9(:os (3 <arctan< 3V3 ) —i—lm))) = €/a+6—3\3/a2+3a+9

W

On the other hand, for a > —%, k=0,2,4,

5 | —{a+3)+6-3Va2 13010
i/é (a+2mCoS (% (amtan (355) +k7r)))

— 3 L :i/“”m??’a”f/—a+3—3$/a2+3a+9.
i/cos (% (arctan(if_;gl) + km ))
For a < —%, k=0,2,4, we have
L :‘\g/f(a+3)+6—3\3/a2+3a+9
i/ (- 2va #3a 9con (& (avctan (24) + 4r))
1 i/a—Q\/a2+3a+9:\s/a+33M.
3

=2
i/cos (% (arctan (33_;5 ) + kw))
Corollary 2.2. From Theorem 2.1, ifa + b+ 3 =0, thent = v/ab — 9.

The condition a+b+3 = 0 was researched extensively by several authors [2,7,16]. Examples
with this condition will be given in Section 4.

Theorem 2.2. Let f(x) = 2* — az? + bx — 1 = 0 with a + b+ 3 = 0. Then all three roots are
distinct.

Proof. From Theorem 2.1, the discriminant of f(z) = 0 is:
A? = (ab)® — 4(a® + b*) + 18ab — 27.
Then:
D = a®b* — 4b® — 4a® + 18ab — 27 = a®b* — 4(a® + b*) + 18ab — 27
= a’b® — 4(a + b)(a® — ab+ b?) + 18ab — 27 = a®b* + 12(a® — ab + b?) + 18ab — 27
= a’b? + 12(a* + b%) + 6ab — 27 = a*b* + 12[(a + b)* — 2ab] + 6ab — 27
= a®b? + 12(9 — 2ab) + 6ab — 27 = a*b* — 18ab + 81 = (ab — 9)* > 0.

Therefore f(z) = 0 with a4 b+ 3 = 0 has three distinct roots if ab # 9. If ab = 9, then combined
witha+b+3=0,0>+3b+9=0 = bisnotreal. O
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Corollary 2.3. Let f(z) = x* — ax® + bx — 1 with a + b+ 3 = 0. The roots of f(z) are the
negatives of g(x) = 2 + az® + bx + 1 witha+b+3 = 0. Then g(z) =0 =g (1) .,z # L.
Proof.

(i) (7)o () ()

:ﬁ[wau—a;)+b(1—x)2+(1—x)3}

:ﬁ[l—i—a—aw—l—b—%xjtbx?%-(1—396’4‘31’2—333)]

:ﬁ[—x3+(3+b)x2—(a+2b+3)x+(1+a+b+1)]

:ﬁ[—x:g—aﬁ—bx—l]:()

= 2 +ar*+br+1=0

= g(lig)zozg(ﬂ -
Theorem 2.3. Let t> + pt + ¢ = 0 be a cubic equation, where p = —3(a + b + 3) and

qg=—(ab+6(a+b)+9),a,beR, a,bnot both 0. Then only one root is real.
Proof. Using Theorem 1.2 and the proof of Theorem 2.1, we see that r # s. Thus, f(z) has only
one real root. [

3 Algorithms

In this section, two algorithms are given. The first algorithm is based on Wang’s approach to
finding the root of the associated Ramanujan equation t> + pt + ¢ = 0. The second algorithm is
our approach. Again, denote f(z) = z3 — az® + bx — 1.

Algorithm 1 Algorithm for Wang’s approach
Input: a,b from f(z) =0

Output: ¢ € R, root of £ + pt + ¢ = 0.
Find the roots of a cubic equation f(z) = 0: a, 3,7
A +—a/p

Az <= B/

A3 v/«

B« A+ Ay + A;
C+1/A1+1/Ay+ 1/A;3

D+ (B—C)?

t«— D

return ¢

R A A e

Given a cubic equation, Algorithm 1 requires finding the roots of f(z) = 0 first. In the next
%, g, I, and their reciprocals. We sum these and compute the
square of the difference. Taking the square root of this result will give the real root ¢.
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Algorithm 2 Algorithm for our approach
Input: a,b from f(z) =0

Output: t € R, rootof 3 +pt +q =0
A<+ ab+6(a+b)+9

B <« (ab)? — 4(a® + 1) 4 18ab — 27
C+ VB

D+ (A+0C)/2

E+ (A-(C))/2

t+< VD+VE

return ¢

A A T o S e

In our approach, we need only the coefficients a and b to compute the only real root ¢. Note
that in the first step, ab + 6(a + b) + 9 is the negative of the constant term ¢ of the associated
Ramanujan equation. To obtain Ramanujan-type identities, we also need to find the roots of
f(x) = 0 by using Vieta’s formula. We will demonstrate the application of our algorithm in the
next section. The detailed analysis of both algorithms will be given in Section 5.

4 Examples

In this section, several examples from [22] are presented. Theorem 2.1 is used to provide an
alternate method to [22]. In each example, the roots of the cubic equation can be verified using
Vieta’s formula.
Our computation here does not require the use of the roots «, 3, and v, which simplifies the
computation process. More generally, £ can be computed more efficiently in our new theorem.
We will use Algorithm 2 in the following examples.

4.1 Equationz® —az?+4+bxr—1=0,a+b+3#0

Example 4.1. ([22]). Let f(z) = 23— /92 —1 = 0. Denote a = 0 and b = —~/9. The associated
Ramanujan equation is t> + pt + q = 0, where p = 3v9 —9and ¢ = 639 — 9. Following the
steps in Algorithm 2, then

ab+6(a+b)+9=A=—6V9+09.

Next,
A? = B = (ab)® — 4(a® + b*) + 18ab — 27 = —4(—9) — 27 =9
— A=C=3,
and
1 1 3 3
D:E(A+C):§<—6\/§+9+3) — 3¥9+6,
1 1 3 3
Ezi(A—C):§<—6\/§+9—3> = —3¥9+3.
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Hence,

t:\3’/5+\?/§:</6—3{3/§+<’/3—3\3/§.

The roots of the cubic equation x* — /9x — 1 = 0, proved in [22], are a = \2[ ng,
g=— sm Toand v = — \%smu—“ Then by Theorem 1.1,
2 14 ’
,3/s1ng+§/sin§+\/sm—”: \/_\/6+3 U639+ /3 3f>
1 1 1 2
+ - =—— i’/—€/§+6+3({’/6—3\3/§+f/3—3\?/§).
i/sin% \/sm%” {’/sinMT7r V3

Example 4.2. ([22]) Let f(z) = 2° + 3/322 —/9x —1 = 0. Denote a = —3/3 and b = —/9.
The associated Ramanujan equation is t* + pt + q¢ = 0, where p = 3 (3\3/3 + /9 — 3) and
— (18 -6 (3\3/3 + \3/§)) Following the steps in Algorithm 2, then

ab+6(a+b)+9=A=—3V3(~V0) +6 (-3V3-V0) +9
=18-6(3V3+ V9).
Next,

A?* = B = (ab)* — 4(a® + b*) + 18ab — 27 = 81 + 4(81 + 9) + 162 — 27 = 576
— A =(C =24,

and
_1 1 3 3 o . 3 3
D_2(A+C) 2( 6 (3734 V9) +24) =21 - 3 (3V3+ V),
1
E= (A C) = —( —6(3€/§+\7§>—24)=—3—3(3%+%).
2
Hence,
tz%—kﬁz§/21—3<3\‘7§+\3/§>+§’/—3—3(3\3/§+3/§>.
Therootsofx3+3\3/_x2 \3/_95—1—0provea’in[ZZ],areOz:—\}tan7r = }tang,
and v = — 4= tan . Then, by Theorem 1.1,

5 T
tan — tan — + ’/tan ?

_ <_ \/5) 5 —35’/§+6+3<\3/21—3<3\?/§+\37§>—\3/3+3<3\3/§+\7§>> ,

1
+

1 1
\/tan - ' i/tan%T {’/tan%”
:<—1\81/§) 3—\3/§+6+3(§/21—3(3€/§+\3/§)—§/3+3<3%+\‘°’/§)>
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Example 4.3. ([22]) Let f(x) = 2 + /72> — 1 = 0. Denote a = —~/T and b = 0. The
associated Ramanujan equation is t3 + pt + q = 0, where p = 3 (\3/7 — 3) and ¢ = 63/7 — 9.
Following the steps in Algorithm 2, then
ab+6(a+b)+9=A=—6V7+09,
Next,
A? = B = (ab)* — 4(a® + b*) + 18ab — 27 = —4(-7) - 2T=1 = A=C=1.

and
1 1 3 3
D:é(A+C):§(—6\/7+9+1) — 37 +5,
E:_(A—c)z—(—6ﬁ+9—1) = —3VT+4.
2 2
Hence,

t=VD+VE={/5-307+{/1-377

sin 2%, f = —% sin %, and

The roots of x® + /72> — 1 = 0, proved in [22], are o = _% 7

v = —% sin 87”. Then, by Theorem 1.1,

i/sin27ﬂ+§/sin47ﬂ+f/ﬁ
_ <_ \/GZ4> (\3/—\377+6+3<\3/5—3{°/7+ {’/4—3\‘%)),

1 1 1
- +

{sinZ fsinte st
)

Example 4.4. ([22]) Let f(x) = 2° — V/T2? — V/49z — 1 = 0. Denote a = /7 and b = —~/49.
The associated Ramanujan equation is t> + pt + q = 0, where p = —3 (\3/7 — /49 + 3) and
q = 6/7 — 6/49 + 2. Following the steps in Algorithm 2, then

ab+6(a+b)+9:A:€/7<—\‘°’/4_9)+6<€/7—574—9>+9=2+6(W—5/4_9>.

Next,

A? = B = (ab)* — 4(a® + b*) + 18ab — 27 = 49 — 4(7 — 49) — 126 — 27 = 64

= A=(C=8,
and
D:%(A+C):%<2+6<\3/7—%>+8> :5+3<W—%),
E:%(A—C):%<2+6<\3/7—\3/@>—8>:—3+3(\3/7—3/4_9).
Hence,

t:€’/5+\3@:§’/5+3(€’/?—3/@>+\3/3<€/_—€/E)—3.
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The roots of x® — Ta? — \3/4 9z — 1 = 0, proved in [22], are a = —
\6% tan T and v = — \1[ tan . Then, by Theorem 1.1,

i/t 2 n i’/t 47 N \/t 81
an — an — an —
7 7 7

- (ﬁ) §/—€/7+6+3({’/3\3/7—3\3/E+5+ 6/33/?—3%—3),

1 n 1 n 1
{’/tan%’r {’/tan%’r ,3/tan87“
1 3 3 3 3 3 3 3 3
= (——) \/—\/4_9+6+3(\/3\/7—3\/E+5+\/3\/7—3\/4_9—?)).
V7

The following cubic equations are selected from Wang’s preprint [21]. In his preprint, no
Ramanujan-type identities and proof of roots were given. The proof of the roots are given in the
Appendix. The authors complete the Ramanujan-type identities in the following examples.

Example 4.5. ([21]) Let f(x) = 2® + 42*> + 3z — 1 = 0. Denote a = —4 and b = 3. The
associated Ramanujan equation is t*> + pt +q = 0, where p = —6 and q = 9. Following the steps
in Algorithm 2, then

ab+6(a+b)+9=A=—-43)+6(—4+3)+9=-9.

Next,
A* =B = (ab)* —4(a®> +V*) +18ab— 27T =49 = A=C=T.
and
1 1
D=Z(A+0)=5(=9+7) =-1,
1 1
5 C) 5(-9-T7)=-8
Then

t=vVD+VE=v—1+V/-8=—

The roots of x® + 4x*> + 3x — 1 = 0, proved in the Appendix, are o = —% sin® (%),
8= _% sin® (2), and v = —% sin® (32). Then, by Theorem 1.1,

i”/ ;sm (27T> + {’/—% sin® (477T> + \i”/—% sin® (877T> = {/—4+6+3(-3)

T
7) = 0. 21)



Example 4.6. ([21]) Let f(x) = 2° + 42* + 3z — 1 = 0. Denote a = —4 and b = 3. The
associated Ramanujan equation is t> + pt + ¢ = 0, where p = —6 and q¢ = 9. From the previous
example, we have t = —3. The roots of x> + 4x* + 3z — 1 = 0, proved in the Appendix, are
COS(?:), £ = COS(?:), and v = % Then, by Theorem 1.1,

cos(4x) cos(32) cos( &)

T

Jon(B) | fon(E) | fon(D)
cos(%f)*\/cos(%)* s (®) VT @
Jon (B fon(®)  fon(E)
\/cos@)*ﬁos(%ﬁ cos (52) 29

Example 4.7. ([21]) Let f(z) = 2 + 462° + 3z — 1 = 0. Denote a = —46 and b = 3. The
associated Ramanujan equation is t3 + pt + ¢ = 0, where p = 120 and q = 387. Following the
steps in Algorithm 2, then

ab+6(a+b)+9=A=—46(3) + 6(—46 + 3) + 9 = —387.

Next,
A% = B = (ab)* — 4(a® + b*) + 18ab — 27 = 405769 = A = C = 637,
and
D- %(A L0 = %(—387 4 637) = 125,
o %(A _ )= %(—387 _ 637) = 512,
Hence,

t=vD+VE =125+ /=512 = —3.

3
sin( 22

The roots of x® + 462> + 3x — 1 = 0, proved in the Appendix, are o« = — ({)—ﬁ (s’ 2(( ZW)))) ’
11 s

6 sin(ﬂ) ’ 9 Sin(gi) ’
ﬁ = — (\/T? (Tgﬂ')>) y and’y = — <§ (T%)) . Then by Theorem ].],
sin”( == sin”( =

7 7 i —
= e e e Y @
1 1 1

3 + 3 - 3

Fea) FeEa) (=)
2 sz(47ﬁ> 2 sin2(877r> 2 sm2(277r>
= v/3+6+3(-3)
2 (4x 2 (8x 2 (2r

N S1n (27,Z ) Sl.n (4; ) S1n (8771_ ) —0 (25)



Example 4.8. ([21]) Let f(z) = 23 — 32? — 462 — 1 = 0. Denote a = 3 and b = —46. The
associated Ramanujan equation is t> + pt + q = 0, where p = 120 and q = 387. From the last

example,

t — _3
) )
) ’

\1“:\,’

COS4(

COS(

The roots of 23 — 32% — 46z — 1 = 0, proved in the Appendix, are o = 23 <

S5

cost( 4z cost( &z
B =23 ( <8,7r )>, and v = 23 ( ((2,7,))) Then by Theorem 1.1,
COs a2

Joost () Jeost (B)  feost (2)
:‘V COS@W cos(2) s (z) T 20

4 8m 2m
~ \/( Dy \3/0085 2y f/coi( D @
cost (%) cos? (4) cost ()
Example 4.9. ([21]) Let f(x) = 2 4+ 1862 + 32 — 1 = 0. Denote a = —186 and b = 3. The

associated Ramanujan equation is t*> + pt + q = 0, where p = 540 and q = 1647. Following the
steps in Algorithm 2, then

ab+6(a+b)+9=A=—-186(3) + 6(—186+ 3) + 9 = —1647.

Next,
A? = B = (ab)* — 4(a® + b*) + 18ab — 27 = 26040609 =—> A = C = 5103.
and
1 1
D = 5(A +C) = 5(—1647 +5103) = 1728,
1 1
E = (A= C) = 5(~1647 - 5103) = 3375,
Hence,

t=~v/D+VE=V1728 + /3375 =12 — 15 = —3.

3
~|y

The roots of * + 1862° + 3z — 1 = 0, proved in the Appendix, are o = (\BT[ (;1:3((

. 3 . . 8 3
8= (%ﬁ (;:(( ))>) ,and y = <%Tﬁ (:ljg(é)))) . Then by Theorem 1.1,
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= /186 + 6 + 3(—3)

in (%) sin(%) | sin(¥)
() Ty T (g) =
1 1 1
3+ 3+ 3
I (=) (e (=) §( (29)
4 Sln3<47”) 4 sin3<87") 4 51n3(27”)
= v/3+6+3(-3)
sind () sind (%) sin® (%)
() () Can(® @)

Example 4.10. ([21]) Let f(z) = 2® — 322 — 186x — 1 = 0. Denote a = 3 and b = —186. The
associated Ramanujan equation is t> + pt + q = 0, where p = 540 and q = 1647. From the last
example

t=—-3.

cos® (&
The roots of 3 — 32 — 1862 — 1 = 0, proved in the Appendix, are o = 23 < (% )),

5(4m 5(8m
B=23 (COS (81)) and vy = 23 (COS (21)> Then by Theorem 1.1,
7

2(38m 2
COS(7) COS(

JJoos® () | fcos® (F) feos® ()
cos? (47”) * cos? (87“) - cos? (2—”) =0, 30)

oo () | feos® (F) | Jeos? () e 31)
7r) (87r) ’

Example 4.11. ([21]) Let f(z) = 23—322—15888642—1 = 0. Denote a = 3 and b = —1588864.
The associated Ramanujan equation is t3 + pt + q = 0, where p = 4766574 and ¢ = 14299359.
Following the steps in Algorithm 2, then

ab+6(a+b) +9=A = 3(—1588864) + 6(a — 1588864) + 9 = —14299359.
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Next,

A% = B = (ab)? — 4(a® + b*) + 18ab — 27 = 16044300277913161849
= A = C = 4005533707,

and

1 1
D = 5(A+0) = 5(~14299350 + 4005533707) = 1995617174,

1 1
E= Q(A -C) = 5(—14299359 —4005533707) = —2009916533.

Then

t =D+ VE = /1995617174 + </—2009916533 = —3.

cosld( 2x
The roots of 3 — 32% — 1588864x — 1 = 0, proved in the Appendix, are o = 2° < o5 (% ))

~[§
N~—

COSl4 COSs 4(8zx
p=2° (%) and v = 2° ( 5((21))) Then by Theorem 1.1,
COSs 2 COS

a

cos® (7 cos® (7 cos® (7
Jfeostt (3F) - feost () feos! (F)
= 2
\/cos5 (47“) + cos® (87“) cos® (27”) 0 (32)
1 1 1
- - = {/—1588864 + 6 + 3(—3)

Jeost () Lo () Lo (B) o
- \/m : \/cos“ () ot () = VT (33)
4.2 Equationz® —az?4+bxr—1=0,a+b+3=0

In this section, we give examples on the cubic equation 23 — az? + bx — 1 = 0 with the condition

a + b+ 3 = 0. This condition has been heavily studied in literature, such as [2,7,16].
Example 4.12. Let f(z) = 2® + 2% — 22 — 1 = 0. Denote a = —1 and b = —2. The associated
3

Ramanujan equation is 3 — 7 = 0. Hence, t = —</T. The roots of 2® + 2> — 2z —1 = 0

are o = 2cos =, B = 2cos T, and v = 2cos &F = [11]. By Theorem 1.1, we have the following

7 b
Ramanujan-type identities:

/ 2 4 8 :
’ 200877T+</2cos7ﬂ+€/20087ﬂ: \3/—1+6—3\3/7
3
— \/cos——l—\/cosg—l—i/cos%r: \3/573\/7;
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1 :
= \*/—2+6—3W
,3/2(:08 \/ 2 cos 4x \/ 2 cos &
— + + — /8 —6V/7.
{’/COS%’T </COS47W ,3/(:0887”

Example 4.13. Let f(z) = 23+ 322 —32—1 = 0. Denote a = —32 and b =

_ 3/9 _ _ 3
By Corollary 2.2, t = ¢ ——9——721.

Using rational roots theorem, the roots of f(x) = 0are o = =2, = % and v = 1. Thus,

\/_+\/i+f
zﬁwf—vr—l—WQ—;@

Example 4. 14 Let f(z) = 1:3——30—1—— = 0. It is known that the roots are o = cos 2 o 3 = cos ?,

ie,at+b+3=0.

2)

l\DIC»J

and v = cos 3T o LL1]. Apply the transformation x = —Ey, then we obtain

1 31 1
—_— — — —_0 = 3— —1: .
83/ + 5yt g = g(y) =y" — 3y 0

Denote a = 0and b = —3, i.e., a+ b+ 3 = 0. Then by Corollary 2. 2 we have t = \3/ 9. Using

the transformation, the roots of g(y) = 0 are y = —2 cos 2= 5 —2 cos 4m o and —2 cos 3. Thus,

5/ U
—QCOS—+\/ 2cos—+\/ 2COS—: 36—3\3/§
— \/cos——i-\/cos——l—\/ 87T \3/6 3\/_

,/—2cos \/ 2005 \/ 2(303
1 )
= + + = —/6 - 6V0.

3 27 3 4m 3 8m
\/COS 9 \/COS 9 Cos 5

S5 Analysis of the algorithms

The first step of Algorithm 1 is to find the roots of the cubic equation. To obtain Ramanujan-
type identities, the roots generally involve trigonometric functions. Hence, Steps 2—6 involve
trigonometric identities to simplify to a number. As a consequence, the computational complexity
of this method is slow.

In our algorithm, only arithmetic calculations are involved. Since no trigonometric identities
are involved in solving for ¢, the computational complexity is faster than that of Algorithm 1.
Assume a and b have n number of digits. The complexity to compute Algorithm 2 relies solely
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on the time complexity of the chosen multiplication algorithm, assuming that Newton’s method
would be used to find the roots of the polynomial. Newton’s method is currently the optimal
algorithm to find roots, which has a time complexity is O(M (n)) where M (n) is the complexity
of the chosen multiplication algorithm. Our algorithm is self-converging and can provide all zeros
for an algebraic cubic equation [9]. Schoolbook long multiplication being the worst and having
O(n?). However, if the Harvey—Hoeven algorithm is used, then the time complexity would drop
to being of the order O(n logn).

6 Conclusion

In this paper, two results were given to reduce the computational complexity of obtaining Wang’s
Ramanujan-type identities. Since Wang’s method relied heavily on using the roots of the cubic
equation and trigonometric identities for simplification, computational efficiency is reduced
tremendously. Our method using Liao et al.’s method on the associated Ramanujan equation
of the cubic equation results in a vast improvement in efficiency due to relying only on arithmetic
calculations and reducing the total amount of computations required.
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Appendix

The trigonometric identities involving 6 = g are obtained from heptagonal triangles. The
heptagonal triangles have been studied in [1, 3,4, 12, 19, 20, 26]. A heptagonal triangle is an
obtuse scalene triangle whose vertices coincide with the first, second, and fourth vertices of a
regular heptagon. Its angles have measures 0, 20, 46. Let a < b < c be the sides of the

heptagonal triangle and let R be the circumradius. Note. sinf) = —sin80, sin36 = sin40,
cos ) = — cos 86, and cos 360 = — cos 46. The following identities are selected from Bankoff [1]:
sin # sin 260 sin 460 = g7

1
cosf cos 20 cos40 = ——,

1
c0s 20 + cos 46 + cos 80 = -5

Some special identities include [3,4,12,19]:

sin20 sin36#  sin#
sinf  sin20 + sin30
sin 0 sin20  sin 30
sin20  sin 30 + sinf
sin?f  sin?20  sin®30
sin3f  sind sin 20
sin 260 sin @ sin 30 647
sin?0  sin?30 + sin®20 7
sin*30  sin*6  sin® 26 B 5vV7
sinf  sin20 sin3d 8
sin”20  sin“30  sin’ @ B
sin”@  sin’20  sin’30
sin” 6 sin” 26  sin” 36 B
sin’20  sin’ 30 * sin’f
sin® 36 sin® 0 sin® 26 368
sinf0  sin®20 * sin®30 V7’
sin 20 sin @ sin 30
sin?30  sin?20 @ sin?6 27

=0,

57,

289,
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In [19], Wang gave a method to obtain heptagonal identities involving sums of sine powers.
Proposition 1. ([19]) Let 0 = g Define S(n) = sin"(20) + sin™(40) + sin™(80), where n is a
integer. Then S(n) satisfies the recurrence relation:

V7 V7

S(n) = 75(7}— 1) — ?S(n— 3).

Wang also provided values of S(n) forn =1,...,20:

n 0 1 2 3 4 5 6
V7 7 V7 21 V7 35
S(n) 3 7 3 3 21 o 5
3. 5. 6.
S(—n) 3 0 923 2 z;ﬁ 95 2 ?ﬁ 2717
n 7 8 9 10 11 12 13
S 727 725 7-25v/7 729 72137 7233 72.3V7
(n) 27 28 29 29 211 211 29
7 29.11 210.33/7 210.99 211117 212.269 213.117/7
S(—n) —2 \ﬁ A ) 7 o 2 o
n 14 15 16 17 18 19 20
S 745 721797 73.131 7337 73493 73-181v/7 7°.19
(n) 214 215 216 212 218 218 219
S(—n) 214.51 _ 2217 217.237 _ 21714457 219.2203 _ 21919197 220.5851
7 73 72 73 73 73 73

Table 1. Values of S(n) forn =1,...,20.

We also provide his lemma here:

Lemma 6.1. ([19]) Define W (m,n) = sin™(260) sin™(46)+sin™(46) sin™ (80)+sin™ (80) sin" (20),
where m,n are integers. Let P = sin(20) sin(46) sin(80) = —g. Then

W(m,n) +W(n,m) = S(m)S(n) — S(m +n),
W(m,n)W(n,m) = P""S(—(m +n)) + P™S(2n — m) + P*S(2m — n).

Similarly, Wang [20] also gave a method for sums of cosine powers.
Proposition 2. ([20]) Let 0 = g Define C(n) = cos™ 260 + cos™ 46 + cos™ 80, where n is an
integer. Then C(n) satisfies the recurrence relations
1 1 1
C(n) = —§C(n —-1)+ §C(n —-2)+ gC(n —3),
C(—n) = —-4C(—n+1) +4C(—n+2) + 8C(—n + 3).
Forn=0,---,10, we have

113 119 57 117 193 185

15
Cln)=3-50"27 232 128256’ 512’ 512"

In addition, we have the following lemma:
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Lemma 6.2. ([20]) Define V (m,n) = cos™ 20 cos™ 40+ cos™ 46 cos™ 80+ cos™ 86 cos™ 20, where
m, n are integers. Then V (m,n) satisfy the following recurrence relations

1 1 1

V(m,n) = —§V(m —1,n)+ §V(m —2,n)+ §V(m —3,n),
1 1 1

V(m,n) = —§V(m,n —1)+ §V(m, n—2)+ éV(m,n —3).

The table for V(m,n), myn =1,...,8:

n
1 2 3 4 5 6 7 8
m
1 _1 _1 _1 _9 3 _1u 19 _ 15
2 2 16 32 64 4 256 128
9 3 3 5 5 3 10 3 a1
8 8 32 32 64 256 512 1024
3 _1 _9 _1n 15 _1 _ 25 _ 11 _ 11
2 32 64 | — 128 16 512 512 512
4 3 17 5 13 31 41 47 33
8 64 32 128 512 1024 2048 2048
5 — 25 | _ 29 37 23 57 | _ 9 | _ 11 113
64 128 | 256 | 256 | 1024 256 512 | _ 8912
6 a1 27 33 83 103 129 5 201
128 128 256 1024 2048 4096 256 16384
7 — 79 | _95 | _ 15 149 | _ 93 | _ 29 289 361
256 512 128 | ~ 2048 2048 1024 | — 16384 | 32768
8 17 87 215 269 335 209 521 325
64 512 2048 1096 8192 8192 32768 32768

Table 2. Values of V(m,n) form,n=1,...,8.

We refer the reader to [1, 19] for the other heptagonal identities.

Proof of roots in Example 4.5

Theroots of 23 + 42> + 3z — 1 = 0 are a =
v = —7 sin® (86).

\8[ in® (20), B = —Wsm ®(46), and

Proof. Denote ¢ = 7. Apply Vieta’s formula, the first part is

a+f+y= —% sin® (26) — % sin® (46) — % sin® (86)

8 .3 .3 _ 8 (VT _
__W (sm (20) + sin® (40) + sin (89))— \/7<2>_ 4,

where sin® (20) + sin® (46) + sin® (80) = f [19]. Next,

(sin® (20) sin® (46) + sin® (46) sin® (86) + sin® (86) sin® (26))

(61)-2

64
aﬂ+ﬂv+7a—7
64
7
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-3 . - . . . - .
where sin® (26) sin® (46) + sin® (46) sin® (80) + sin® (86) sin® (20) = W (3,3) = Z [19]. Lastly,

o) wromsscnston - (5)' (53
_ (%)3 (sin (20) sin (40) sin (86))" = — <i7

where sin ¢ sin 20 sin 46 = %7 = — sin 26 sin 40 sin 86 [1]. O

Proof of roots in Example 4.6

cos(80)

cos(26) 5 __ cos(49) o
cos(20) *

The roots of z° + 42% + 3z — 1 = 0 are o = {275, )

,and v =
Proof. Apply Vieta’s formula, the first part is

cos (20)  cos(46)  cos(80)

cos (46) ~ cos(80)  cos(20)

cos? 26 cos 86 + cos? 46 cos 20 + cos? 86 cos 46
cos 26 cos 460 cos 86

1
=8 (0082 26 cos 86 + cos? 46 cos 26 + cos® 86 cos 49) =8 (—5) = —4,
)

a+pB+y=

where by Lemma 6.1. (cos? 26 cos 86 + cos® 46 cos 20 + cos? 80 cos 40) = V(1,2

0B+ By + v = cos (260) cos (40)  cos (46) cos (80) 4 cos (86) cos
cos (460) cos (80)  cos (80) cos (260)  cos (26) cos
cos? 26 cos 46 + cos? 46 cos 86 + cos? 86 cos 20
cos 26 cos 46 cos 80
=8 (Cos2 26 cos 40 + cos® 46 cos 86 + cos® 86 cos 20)

()

where by Lemma 6.1 (cos? 20 cos 46 + cos? 46 cos 80 4 cos® 86 cos 26) = V/(2,1) = 2. Finally,

afy = ) ( = 1. [l

Proof of roots in Example 4.7
. 3 . 3
The roots of 2% + 4622 + 3z — 1 =0are v = — (g—ﬁ <Sm(29) )) = <\6—ﬁ (&49)))) , and

2 sin?(46)
_ 7 [ sin(86) 3
7= (T (sin2(29))) ’
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Proof. Apply Vieta’s formula, the first part is

o= (9 () - (7 () - (9(6))
- (S e i) = ()

= —46,

5\

where <sln Eig; + ZE E;‘g; X :123289» 368 [19] Next,

af + py +ya

(o) () s () () + () ()

7 <sin9 20 sin® 46 + sin” 46 sin® 80 + sin? 86 sin® 29>

- 64 sin® 26 sin® 46 sin% 86

6
4 14
. <—8> (sin” 260 sin® 46 + sin” 460 sin® 80 + sin” 86 sin® 20) = 4096 < ! )

04 VT 49 \ 4096
where by Lemma 6.2 (sin9 20 sin® 40 + sin” 40 sin® 80 + sin? 80 sin® 20) = W(9,3) = %‘
Finally,
9
apy— V7 sin (260) \* ( sin (46) sul 89
e 2 sin? (46) sin? (86) sm
VT 1 3 8 .
512 \ sin (20)sin (46)sin (80) ) 512 V7

Proof of roots in Example 4.8

The roots of 23 — 3x2 — 46x — 1 = 0 are @ = 23 (%), B =23 (C:OS:(?:))), and v =
cos?(80)
2° ( cos(26) >
Proof. Apply Vieta’s formula, the first part is
cost (20) cos? (40) cos? (86)
— 23 e S 23 D S 23 R S
atf+n <cos(46)>+ (cos(8«9))+ (cos(Z@))
8 cos? (20)  cost (40)  cos* (80)
cos (40)  cos(80) = cos(20)

. cos® 26 cos 80 + cos® 46 cos 26 + cos® 86 cos 40
c0s 260 cos 46 cos 86

=M&(é> 3
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where by Lemma 6.1 cos® 26 cos 80 4 cos® 46 cos 20 + cos® 86 cos 40 = V/(1,5) = 2. Next,
0B+ Byt e = 20 cos? (20) cos® (40)  cos? (40) cos* (80)  cos? (80) cos® (26)
cos (40) cos (80)  cos(80) cos(26) = cos(260) cos(40)
_ 64 (0085 20 cos® 46 + cos® 460 cos* 86 + cos® 86 cos* 26’>

cos 20 cos 46 cos 860
23
— 64 _2 )y
64 (8) < 256) 6,
where by Lemma 6.1 COS,5 20 COS4 40 + COS5 40 COS4 80 4 COS5 80 COS4 20 — V(5, 4) _ 22556.
Finally,
1(20)\ [ cos? (40)\ [ cos® (86)
_ g9 [ cos ( _ 99 09 10 e
i =2 (i) Coontsnr) (oostony ) =2 (o @) s ) costo)

1 3
=929 (g) =1. O

Proof of roots in Example 4.9

. 3 . 3
The roots of 2* + 1862 + 3z — 1 = 0 are o = (% (S.m(%) >> B = (% (S.ln(49) )) , and

_ | ¥7 ( sin(860) 3
V= (T (sin3(29))) ’

Proof. Apply Vieta’s formula, the first part is

3 3
/7 ( sin (20) /7 [ sin (40) /7 ( sin (86)
at Bty = (T (s.in3 (49)) + 4 (sin3 (89)) + 4 (sm3 (29))
sin® (20) N sin® (40) N sin® (89))
sin” (46)  sin” (80) = sin” (20)
(sin12 20 sin” 86 + sin'? 46 sin® 260 + sin'? 86 sin”® 49)
(sin 26 sin 46 sin 86)°

_ T (8N (31899VT s
64\ VT 1048576 | ’

where by Lemma 6.2 sin'? 20 sin® 89 + sin'? 40 sin® 20 + sin'? 80 sin” 40 = W (9, 12) = 3188VT

1048576
Next,
af + By + yo
: 3, 3 . 3, 3 : 3, 3
49 ( sn1(29) ) ( Sn1(49) > N ( sin (40) ) < su1(89) ) N ( sn1(89) > ( sin (26) )
4096 \ \sin® (40) sin® (80) sin® (86) sin® (26) sin® (26) sin® (40)
(su1 (26) sin® +_sh1 (40)sin® (8¢)  sin® (86) sin® (29))
4096 sin? (46) sin” sin? (8) sin® (20)  sin? (26) sin” (40)
49 [ sin'?26sin® 49+—$n1249$n 86 + sin'? 86 sin® 20
~ 4096 (sin 26 sin 46 sin 86)°
49 Y unyT .
32768 ’
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where by Lemma 6.2 sin'? 20 sin® 46 + sin'? 40 sin® 86 + sin'? 80 sin® 20 = W (12,3) = —%.

Finally,
o= (4 ) (4 ) (7 )
() (59) (&%)

218 (sin20sin40sin89)° 28\ /7 '

Proof of roots in Example 4.10

The roots of 23 — 322 — 186x — 1 = 0 are a = 23 (zgzzgig), B = 23 <Egzzggzg>, and v =

cos® (86

23 <0052E29;>'

Proof. Apply Vieta’s formula, the first part is
cos® (20) cos® (40) cos® (86)

=23 23 [ ———~ 23 [ ———L
atfty= ( (49)) * ((3082 (86) M ((:os2 (29))

cos® (260)  cos® (46) N cos® (86)
cos? (46)  cos? (80) = cos?(20)

B cos” 20 cos? 80 + cos” 46 cos? 20 + cos’ 80 cos? 40
a cos? 20 cos? 46 cos? 80

:8@®(§%):&

where by Lemma 6.1 cos” 260 cos? 86 + cos” 46 cos? 20 + cos” 80 cos® 46 = V(2,7) = 5. Next,

af + v +a
_ o6 ((0085 (20)) (0055 (49)) N (COS5 (49)) <cos5 (89)) N <cos5 (89)) (0055 (20)))
cos? (46) ) \ cos? (80) cos? (86) ) \ cos? (20) cos? (26) ) \ cos? (40)
_ o6 (0087 20 cos® 46 + cos” 46 cos® 80 + cos’ 86 cos® 29)
cos? 26 cos? 46 cos? 80

93
:26m4)<—ﬁﬁ§):=—1&;

where by Lemma 6.1 cos” 260 cos® 40 + cos” 46 cos® 80 + cos” 80 cos® 20 = V(7,5) = —5.
Finally,
0By =2 cos® (20) ([ cos® (40)\ [ cos® (86)
cos? (46) ) \ cos? (86) ) \ cos? (20)
1\3
= 2%(cos 26 cos 46 cos 80)* = 2° (g) =1 O
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Proof of roots in Example 4.11

The roots of 2% — 322 — 15888642 — 1 = 0 are o = 2° (if::gg» g =2 (‘;‘;1154((845)), and
COSl4
T = 2° <cos5((28§))>'

Proof. Apply Vieta’s formula, the first part is

a+Bty=2 (%)Hg (%)”g (%Sﬁf)

o [(cos™(20)  cos' (40)  cos™ (80)
B cos® (40) ~ cos® (80) = cos® (20)
e <C0819 26 cos® 86 + cos'® 46 cos® 260 + cos' 860 cos® 49)

cos® 20 cos® 46 cos® 80

= 2°(8)° (%) =3,

where by Lemma 6.1 cos'® 26 cos® 80 + cos™ 46 cos® 20 + cos'® 80 cos’ 40 = V(5,19) = 3.
Next,

af + By +ya
_ o8 (((30514 (20)> (00514 (49)) n ((30814 (49)) ((10514 (89)> n <cos14 (80)> (00514 (20) )>
cos® (46) cos® (86) cos® (86) cos® (26) cos® (26) cos® (46)
_ o8 (cos19 (20) cos' (46) + cos'® (40) cos'* (86) + cost? (80) cos'* (29))
cos® 26 cos® 46 cos® 80

12413
=218(8)° <226> = —1588864,

where by Lemma 6.1 cos'® 20 cos'® 46 + cos'® 46 cos* 80 + cos'® 80 cos!* 20 = V(19,14) =

apy =2 (CCZSSI: <<fg>)) (28;54 <<§96>)) Cﬁ: <(§96>))

ST - Finally,
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